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Abstract

In constructing the three-valued logic, Jan tukagig was highly inspirited
by the Aristotelian idea of logical contingency.Wdetheless, we can construct
a four-valued logic for explicating the Stoic idefdogical determinacy. In this
system, we have the following truth values: O (fbly false), 1 (‘necessarily
false’), 2 (‘possibly true’), 3 (‘necessarily trgewhere the designated truth
value is represented by the two values: 2 and 3.
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1. Introduction

There are two extreme approaches to modalitiescdbgontingency and logical determinacy.
According to the first approach, there exist cageimt eventsA which are possible to be and
possible not to be simultaneoushA is possible and noA-is possible’. This approach was
formulated by Aristotle for the first time. The sed approach is a negation of the first one: ‘Eithe
A is necessary or nofdis necessary’. According to this claim, each everither necessarily to be
or necessarily not to be. At first, it was formeldty the Stoics.

In this paper, | show that the modal logibsand T help to formalize the Aristotelian
approach (Section 2) and the modal logdi3 andK= formalize the Stoic approach (Section 3).
tukasiewicz proposed his system of three-valuedtlag his own attempt to justify the Aristotelean
idea of logical contingency (Section 4). Nevertks]eve can propose a four-valued logic to justify
the Stoic idea of logical determinacy (SectionT3)is logic is proposed for the first time.

2. Modal Logic for Logical Contingency

The vocabulary of modal logic is as follows:
* Po, P1, ... — propositional atomBrop;

ISSN 2299-0518 8



e o, [0 0 =, « — propositional connectives: negation (“not...”)sjdnction (“... or ...”),
conjunction (“... and ...”), implication (if... , then, 7), equivalence (“... if and only if...”),
respectively;

» [1, & — modal operators: the symbol is used for ‘necessity’ (“... is necessarily”) artet
symbol<> is for ‘possibility’ (“... is possibly”).

On the basis of this vocabulary, we can define-fegihed formulas:

» Each propositional atom froProp is a formula;

e If A andB are formulas, therA, =B, AOB,AUOB, A= B, A = B, A [IB, OA, OB are
formulas, as well.

The meanings of well-formed formulas without modglerators are defined in a standard way
within the two-valued logic, about the meaningsnaidal formulas please see [2].

The basic modal logic, denoted Kyin honor of Soul Kripke, has the following axioms:

« All propositional axioms such as[1-A;

+ All instances of the Kripke schema(A = B) = ([/A= [1B).

The set of these axioms is closed under the foligwivo inference rules:

* modus ponengrom A = B andA it follows thatB;

« Necessitation rulef A is an axiom, thenlA is an axiom, too.

On the basis oK, we can obtain two additional systems of modalicloigr logical
contingency by adding td the following two schemas [2]:

(D) A= OA
(TY DA=A

If we add toK all the instances of (D), then the new modal lagidenoted byD. In the
meanwhile, if we add t& all the instances of (T), then the new modal lagidenoted by. Let us
notice that all the axioms d@ are contained in the class of axiomsTofFor the first time, the
intuition of this logic came to mind of Aristotlexd some axioms of were considered in his book
[Tepi epunveiag (De Interpretationg In this logic we cannot infer A [ 11B from A O B:

A£ otov avéykn pév EoecBar vavpayiov adplov i un Eoecat, o0 pévrot yevéshar abprov vawpoyiov
avoykoiov o0dE un yevéaBare yevéaBat pévtot fj ur| yevésbat avaykoiov (De Interpretationed, 19a).
Necesse est quidem futurum esse bellum navalevetason esse futurum sed non futurum esse
cras bellum navale necesse est vel non futurum agseum autem esse vel non esse necesse est
(De Interpretationed, 19a).

A sea-fight must either take place tomorrow or bot, it is not necessary that it should take
place tomorrow, neither is it necessary that idthaot take place, yet it is necessary that hegit
should or should not take place tomorrow.

Otherwise we should accept thatA = A is ever false anéd = [JA is ever true. But it is
impossible:0véev Gpa obte Eotv obte yiyvetar ovte amd TOYNG 0VO’ 0moOTEP’ ETLYEY, OVS’ E0TON T
ook £otar, @Al €€ avaykng dmavra kol ovy omotep’ Etvyxev (De Interpretatione 9, 18b). [...]
&mavta ovv o éc0ueva dvaykaiov yevésOon (De Interpretatione 9, 18b).

Nihil igitur neque est neque fit nec a casu ngamlibet, nec erit nec non erit se&x necessitate
omnia et non utrumlibet@e Interpretationed, 18b). [...] Omnia ergo quae futura sunt necesse e
fiery (De Interpretatione, 18b).

Then nothing is or takes placecasionally either in the present or in the future, and there
are no real alternativesyerything takes place of necessitgnd not occasionally [...]. [...] Then
all that is to be must necessarily take place énftiure.

The point is that Aristotle assumes the existerfdegical contingency gvosyouevov). For
example, propositions such as ‘A sea-fight willtbenorrow’ (A) are logically contingentOA O
O=A (v olc dueo dvdéyetar kai to eivar kai T R eivar; in quibus utrumque contingit et esse et
non esse These statements can be true by some valuatidns



3. Modal Logic for Logical Determinacy

So, systemsD and T are used for explicating logical contingency witha modal logic.
Nevertheless, we can explicate logical determinaitiyin a modal logic, too. For this purpose, we
should involve other schemas addedt{?]:

(CD) CA= A

=) A=A

If we add toK all the instances of (CD), then the new modaldogidenoted b D. At the
same time, if we add td all the instances of (=), then the new modal lagidenoted byX=. From
(=) we can infer (CD). It means that all the axiomh€D occur among axioms &f=. The intuition
for modal logicsCD andK= was expressed by the Stoics (first of all, by Cipyss):

Nihil enim fieri sine causa potest (Cicef@e Divinatione2, 61).
Nothing happens without a cause.

Motum nullum esse sine cau&Zicero:De Fato23).

No motion is without a cause.

It means that each proposition is necessarily tu@ecessarily false because of causes
existed for all events described by propositions, tBe proposition ‘A sea-fight will take place
tomorrow’ is either necessarily true or necessdalge right now, since there are or there are not
causes for the event to be a sea-fight tomorrowt ngpw. Some Stoic synonyms for the word
‘necessity’ fvaykn): ‘inexorable’ grapdfotog), ‘inflexible’ (&tpentdc), ‘invincible’ (aviknroc),
‘unconquerable’ dvekBioctog), ‘unpreventable’ dkoAvtoc), ‘immutable’ @uetapintoc), and
‘unchangeable’quetadetoc) [1].

In the logic ofK=, the statement of contingensyA [0 &= A is always false, because the
statement of determinacyA [1 1= A (the negation of>A 0 <>=A) is directly delivered from (CD)
as an axiom.Hence, for logical contingency we eatli modal logicT and for logical determinacy
we deal with logiK=.

4. Three-valued Logic for Logical Contingency

In his famous pape®n Three-Valued Logi¢3], Jan tukasiewicz was mainly inspirited by the
Aristotelian modal reasoning from the boOkpi epunveiag (De Interpretationg especially about
sea-fights tomorrow. In order to describe logiaattingency, tukasiewicz decided to introduce the
third truth value %2 with the meaning ‘possible’., 8ohis logic there are the following truth values
0 (‘false), 1 (‘true’), ¥z (‘possible’), where 1 the designated truth value. The intuition for this
introducing was as follows. The value 0 was undedtas ‘necessary false’, the value 1 as
‘necessary true’, and the new value ¥z as ‘possibleéhe meanwhile, 0 < %2 < 1 so that we have the
true implication %= 1 which corresponds to axiom (CD).

In this logic the meanings of propositional connexg are defined as follows:

Negation
A -A
1 0
Yo Yo
0 1
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Conjunction

A B ALCB
1 1 1
1 Y Yo
1 0 0
Yo 1 Yo
] ¥ Y
Yo 0 0
0 1 0
0 Yo 0
0 0 0
Disjunction
A B ALCB
1 1 1
1 Yo 1
1 0 1
Yo 1 1
] ¥ 7]
Yo 0 Yo
0 1 1
0 Y ¥
0 0 0
Implication
A B A =
B
1 1 1
1 ¥ Y
1 0 0
] 1
Yo Yo 1
Yo 0 Yo
0 1 1
0 Yo 1
0 0 1

According to these truth valuations, the law ofleded middleA (1= Ais not an axiom. Indeed, its
truth valuation does not give only truths:

A - A AL
-A
1 0 1
Yo Yo Yo
0 1 1
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The law of contradictioi\ [1-A has not only falsehood in this logic:

A -A AL
-A
1 0 0
Yo Yo Yo
0 1 0

In this logic we can define two modal operators(“... is necessarily”) and> (“... is possibly”),
as follows:

A LA
1 1
Yo 0
0 0
A OA
1 1
Yo 1
0 0

From both truth tables, it follows that (D) and @re axioms of Lukasiewisz’s three-valued logic.
Hence, Lukasiewicz supports the Aristotelian appino® logical modalities and, therefore, shares
the Aristotelian ideas of logical contingency. Nekieless, we can construct many-valued systems
for the Stoic approach focused on logical deteroyna

5. Four-valued Logic for Logical Determinacy

Let us introduce the following four truth values:(Possibly false), 1 (‘necessarily false’), 2
(‘possibly true’), 3 (‘necessarily true’), whereetldesignated truth value is represented by two
values: 2 and 3. The intuition for these valuelsased on the following inequalities: 0 <1 <2< 3
so that we have the true implications:01 and 2= 3 which correspond to axiom (CD). Now let us
define propositional connectives on these values:

Negation

A

ol |NwW|>
WiNF Ol

Conjunction

LB

NN W wlw|w| >
N WOl |INw| m
NN OR[N w| D>
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Disjunction

ALB

Implication

ALB
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In the four-valued logic with the two designateathrvalues: 2 and 3, the law of excluded middlle
[(0=Ais an axiom. We can check it:

A -A AL
-A
3 0 3
2 1 2
1 2 2
0 3 3

The law of contradictiod [1- A cannot take the two designated truth values:

A -A AL
-A
3 0 0
2 1 1
1 2 1
0 3 0

The two modal operators] (“... is necessarily”) and®> (“... is possibly”) are understood as
follows:

A A
3 3
2 3
1 1
0 1
A OA
3 2
2 2
1 0
0 0

So, the necessity operator preserves the valueeBdssarily true’) and 1 (‘necessarily false’) and
makes 3 (‘necessarily true’) from 2 (‘possibly thuand makes 1 (‘necessarily false’) from 0
(‘possibly false’). The possibility operator preges the value 2 (‘possibly true’) and 0 (‘possibly
false’) and makes 2 (‘possibly true’) from 3 (‘nesarily true’) and makes 0 (‘possibly false’) from
1 (‘necessarily false’).

Thus, (CD) and (=) are axioms of the new logic:

A OA A CA =
A

3 2 3 3

2 2 3 3

1 0 1 3

0 0 1 3
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A A A=A
3 3 3
2 3 3
1 1 3
0 1 3

As we see, this logic is one of the possible forpadions of the Stoic idea of logical determinacy.
6. Conclusion

In developing many-valued logics, tukasiewicz waghly inspirited by the Aristotelian modal
approach towards logical contingency, although eéhisr possible an alternative approach put
forward by the Stoics towards logical determinagsithin the Stoic approach we can appeal to the
many-valuedness, too. So, we can propose a fouegtdbgic with the following truth values: 0
(‘possibly false), 1 (‘necessarily false’), 2 (‘misly true’), 3 (‘necessarily true’), where the
designated truth value is represented by the tweega2 and 3.
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