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Abstract

Roman Suszko said that “Obviously, any multiplicatof logical values is a mad
idea and, in fact, tukasiewicz did not actualizéThe aim of the present paper is
to qualify this ‘obvious’ statement through a numbélogical and philosophical
writings by Professor Jan Wadlgki, all focusing on the nature of truth-values and
their multiple uses in philosophy. It results imezonstruction of such an abstract
object, doing justice to what Suszko held a ‘madbjgct within a generalized
logic of judgments. Four main issues raised by \A&kewill be considered to test
the insightfulness of such generalized truth-valugsmely: the principle of
bivalence, the logic of scepticism, the cohereheety of truth, and nothingness.
Keywords bivalence, coherence, nothingness, partition séiog scepticism, Jan
Wolenski.

1. Introduction: Neither Frege, Nor Suszko (Therefoe Lukasiewicz?)

Suszko is known both for his eponymous acceptahdbeo'Suszko Thesis’, under which all logical
systems whose consequence operator satisfies itegoer of structurality (or of extensionality) are
bivalent systems, and for his rejection of the g&'e Axiom’ (FA). We are going to focus on the
latter, and more specifically on the different wayopposing it. Suszko [27] is in some way opposed
FA, which consists of two sub-propositions @A (FAy):

FA; The referent of a sentence is its truth-value.
FA, This truth-value is either the True or the False.

Suszko rejects FAand accepts FA According to him, sentences do not express tvathes but
situations, and this explains why Suszko distingess identity from material equivalence or
biconditional since the rejection of FAmplies that two sentences may have the same-valtle
without being identical. But there is another wayrgject FA, by reasoning in reverse to Suszko and
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accepting FA while rejecting FA. It is this position that we will associate withet name of
tukasiewicz and defend in this article, while segkio justify it through several writings of Protes
Wolenski. It will thus be a matter of defending one diren of Polish logic against another, namely:
many-valued logics of Lukasiewicz, as opposed &'lon-Fregean’ logic of Suszko.

Starting from a preliminary reflection on the mewanof the Principle of Contradiction (PC) and
its analysis by tukasiewicz, we will begin by digjuishing ‘sentences’ from ‘propositions’ and
endorsing the many-valuedness entailed by thetrejeof FA, through a general logic giidgments
Then we will review a certain number of logical gtiens treated by Jan Wakki in the light of this
logic of judgments: the Principle of Bivalence (PB)hd its various definitions; the relationship
between logic and scepticism, and the concept alitguthe relationship between coherence and truth
Tarski’s T-scheme, and the relativity of the cortagfptruth; negation, and the philosophical notafn
‘nothingness’. We hope that the logical framewagkuiting from our non-Suszkian rejection of FA
will confirm and clarify certain reflections of Hessor Woléski on all these matters. Last but not
least, we will insist on a formal tool essentiaintetalogical reflection and which Waleki frequently
uses in the articles treated here:ttieory of opposition

2. Frege’s Axiom and its Opponents

FA is neither true nor false strictly speakingngither are what Suszko and tukasiewicz said aibout
It is rather necessary to think of this metalogesom in terms of explanatory virtue: which pasmiti
with regard to FA is the most insightful, from axp&anatory point of view?

FA relates to PB, and Waiski [33], [34] pays attention to the ambiguous megrof the last
principle. In the first sense, bivalence means thay sentence is either true or false and thus
corresponds to FA In a second sense, bivalence means that anynsente true or is not. The
difference between the two interpretations restshenmeaning of ‘false”.A statement can be ‘not
true’ without being ‘false’ from a many-valued pbwf view. In response to the many-valued logics
promoted by tukasiewicz, Suszko distinguishes bebhmsvo kinds of truth-valuesilgebraic values,
which are combinations of single truth-values swach ‘true-and-false’ or ‘neither-true-nor-false’;
logical values, which are sets of values intended to ddbgical consequence in terms of preserving
truth. According to Suszko, there can only be twts ©f logical valuesdesignatedvalues, which
include truth;non-designatedalues, which exclude truth.

From a functional point of view, algebraic valuégrefore have no interest in providing no
essential information to characterize a consequerkdion in a given logical system. From an
explanatory point of view, on the other hand, w# tw to show in this article that the use of digaic
values is likely to shed light on philosophical cepts that a ‘Suszkian’ logic (without algebraic
values) would be unable to explain. The introductd ‘non-Tarskian” or many-valued consequence
relations [6], [12] was a first example of this &jrand we will try to see how a constructive apphoa
to truth-values can modify our way to understanties¢éogical and philosophical notions.

There is much more than one way of rejecting FAyafconsider this metalogical axiom as the
conjunction of two logically independent propositso The theory of oppositions can already helmpus t
clarify the situation on this point, by consideriRg as a binary proposition of type FA FA,. With
reference to the work of Piaget [13] and BlancHéJ& can affirm that any binary proposition, tiat
to say, any complex proposition including a bin&ogical operator, corresponds to a disjunction of
four fundamental propositions which are called mal conjunctive forms’. Thus, a binary proposition
of form f(p,q) refers to four logical possibilities: () andq are true together; (ip is true andy is false;
(iii) pis false andy is true; (iv)p andq are false together. Frege’s position on FA is bah FA and
FA, are true, while Suszko’s position is thatFA false and FAis true. Suszko thus defends a
‘counter-thesis’, since his position is incompagiblith that of Frege. But there is more than one
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conceivable counter-thesis: that which we will defen the rest of this work, and which consists in
saying that FAis true while FA is false.

Our position is almost the opposite of Suszko'dalst, there are far more than two FA counter-
theses if one considers FA as one of sixteen plessdmbinations. Indeed, FA means that; @fad
FA, are both true and thus represents a conjunctiegogition such that the two joint members must
be true to satisfy the molecular proposition FAWNdteen other types of combinations are possible
the light of the theory of propositional conjunetinormal forms. If we use the symbols 1 and 0O to
denote the satisfied and dissatisfied normal canjue forms, respectively, we obtain the following
combinatorial list including the positions of Fre§eiszko, and Lukasiewicz.

FA,FA, | FA,FA, | FA, FA, | FA; FA,
1) 1 1 1 1
(2) 1 1 1 0
(3) 1 1 0 1
(4) 1 0 1 1
(5) 0 1 1 1
(6) 1 1 0 0
(7) 1 0 0 1
(8) 0 0 1 1
(9) 0 1 1 0
(10)] © 1 0 1
(11) 1 0 1 0
(12) 1 0 0 0
(13)] 0 1 0 0
(14)] 0 0 1 0
(15)] 0 0 0 1
(16)| © 0 0 0

Frege’s position on FA thus corresponds to (123t tf Suszko corresponds to (14); the position that
we will defend, finally, is that represented by X1A8s for the thirteen remaining possibilities, ithe
absence from the debate produced between Freg&wasuko is simply due to their non-exclusive
form. Formula (2), for example, means an altermabigtween three possible attitudes: acceptdm
accept FA, or accept FAand reject FA, or reject FA and FA. In this sense, this formula symbolizes
the union of the three incompatible positions dééshby Frege, Suszko, and tukasiewicz. We can
also wonder about the meaning of the two limitiages (1) and (16): the first consists in admitatig

the possible positions about FAnd FA, while the second consists in admitting none. &Hesds of
acceptance can be described as ‘second order’ beesuse they relate to two propositions,FAA;
whose content is itself accepted or rejected bylegs. Thus Frege accepts (12) because he accepts
FA: and FA, but he rejects the other fifteen formulas by cijg at least one of the four possible
attitudes. Suszko accepts (14) by accepting theudet of rejecting FA and accepting FA but he
rejects all other combinations. We accept (13) tgepting FA and rejecting FA while rejecting all
other combinations of attitudes. The distinctiobws®n speech orders means that it makes sensg to sa
that a speaker accept to accept, accepts to reggatis to accept or rejects to reject any prdjposilt

also means that there are several levels of disepur accordance with the well-established distnc
between ‘object language’ and ‘metalanguage’. Beimantic abstraction will be important in the rest
of the article, especially in relation to the issé scepticism and the concept of nothingness.
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About FA, the presentation of the 16 attitudeshia form of a series of Boolean values 1-0
makes it possible to introduce the theory of oppmss in our present debate. Let us make a first
distinction between an antithesis and a countesighevhich are two logical relations established
between propositions or ‘theses’. Let AK) symbolizing the antithesis relation between te@sand
b, and let CT4,b) for the counter thesis relation betwesrandb. We can then explain these two
relations as follows:

+ the antithesisAT(a,b) meansa is contradictory with respect o and consists in adopting an
attitude opposite to it, turning any acceptanck efsymbolized by the value 1 — into a rejection
— symbolized by the value 0 (and vice versa);

+ thecounter-thesiCT(a,b) means that thesis a is simply incompatible wlid thesid, turning
any attitude of acceptance bfinto an attitude of rejection (but the conversecaot be the
case).

The three positions of Frege, Suszko and tukasewierefore have only one possible antithesis:
AT(12) = (5), AT(13) = (4), and AT(14) = (3). Ondlother hand, there are as many counter theses to
each of these attitudes as there are distinct lpbgss of rejecting what is accepted there. lhest
words, any counter thesis is a thesis which doesecuept what the initial thesis accepts but wiaiah
reject what the initial thesis rejects. There @mesta total of six counter theses available fortthee
attitudes of Frege, Suszko and tukasiewicz:

CT(12) = {(8).(9).(10),(13),(14),(15)}
CT(13) = {(7).(8),(11),(12),(14),(15)}
CT(14) = {(6).(7).(10),(12),(13),(15)}

Since most counter theses are unions of possitiledats, they have no philosophical relevance & th
singular positions (12), (13) and (14). But thistfiallusion to the theory of oppositions allowdestst

to sketch a first type of main opposition betwebre¢ of the sixteen attitudes abovetriad of
contrariesopposing FA (12), the criticism of his first pragibon by Suszko (13), and Lukasiewicz’'s
critique of his second proposition (14).

(12) (13)

(14)

The point is now to examine the content of FA atsdtivo main features, which are functionality
(through FA) and bivalence (through RA
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3. Pragmatic Contradiction

In his attempt to prove one of the fundamental@pies of ‘classical’ logic, i.e. PC, Jan tukasiewi
[10] has shown not only that it is unprovable blattit also rests on three distinct readings: an
‘ontological’ reading, by virtue of which PC saysat it is impossible for the same object to have a
property and not to have it at the same time; giclal’ reading, whereby PC means that a proposition
cannot be true and false at the same time; a ‘pdggital’ reading, by virtue of which PC says that
one cannot believe and not believe in the samenedd The formulation of the logical principle
divides those who present it in terms of the tvsihie of a proposition and those who formulateit i
terms of a proposition and its negation. Wesla [34], [35] will emphasize the two aspects of:RC
logical or ‘object language’ version, of form

~(p U~p)
and a metalogical version, of form
v(p) =Torv(p)=F

Although tukasiewicz quickly neglected the psyclyital version of PC, for the reason that subjects
often hold inconsistent beliefsthe example given in Lukasiewicz [10] evokes theyslar case of
religious belief in Trinity: it would be possible@ording to believe that God @&nd is not the same
individual as Father, Son or Holy Spirit, on thecasion of a religious experience that any good
Christian would be able to experience within thanfework of his faith. Although the empirical
objection to PC in its psychological version coh&ltaken seriously, tukasiewicz was more interested
in the ontological and logical foundations of threnpiple. These do not seem to be more solid than t
psychological version, especially since they argedleon an ambiguous vocabulary. The ontological
principle speaks of objects and refers to factstates of affairs obtaining in the world. The lagic
principle speaks sometimes of truth-values sometimé affirmation and negation, but both
cannot make sense without relying on a corresparedtreory of truth where facts make a proposition
‘true’. As for the ‘proposition’, it designates fro Aristotle onwards any sentence belonging to the
grammatical case of indicative and whose linguiBtitction is to tell something about the wontz.
what ‘the case’ i§.

We will not go into the details of this dission on the foundations of PC, since it goes beyon
our central point. We simply observe the followifiegy complications. First, the correspondence theory
of truth poses a problem on the conditionsfa$ity of a proposition: either the existence of a fact
which contradicts the proposition is necessary &kenit false, or the simple absence of fact to make
the proposition true entails its falsity. The cleomf the correct definition of falsity is importanére,
since it relates to the universality of PB as wasdlthe validity of PEM. Second, the psychological
version of PC makes use of concepts to which evergise can be reduced. A proposition is true if it
corresponds to an objective fact, by virtue of¢cbherespondence theory; but in the absence of sritic
means to prove the existence of such a fact, vhat‘proposition’ if not the public expression of a
belief expressed by a judgment? On the other haedg is a common confusion between two pairs of
concepts, namely: affirmation and negation, byimiision of truth and falsehood. We know that a
proposition can be negative and true, as in ‘Polandot a planet’, or affirmative and false, as in
‘Poland is a planet’. But what is a judgment, it tloe use by a speaker of a proposition in order to
sincerely express his own opinion on what ‘the cas2 Frege’s distinction between a judgeable
content and a judgment may be justified, but ils®e@iseless if the correspondence theory of truth is
unable to afford the conditions of correspondendth & ‘fact’ in an incontestable and definitive

76



manner. We know that this theory must face thecakftilifficulties, and that two other competing
theories of truth face it: truth as coherence, #nth as consensus. Another radical solution could
remedy these philosophical difficulties: the ‘mimilist’ or ‘redundant’ theory of truth, according to
which the occurrence of the concept of truth ineatence is useless because it does not add any
substantial information to it. This last point oéw will come back in this article, when questiapithe
application of Tarski’'s T-schema.

For want of conclusive answer about the foundatiand the validity of PC, let us now try to
defend an alternative view and to assess its eafdan virtues: thepragmatic (or illocutionary)
interpretation of PC, which extends what tukasiewimalled the ‘psychological’ version while
eliminating its psychological connotation.

We will thus start by assuming that the conceptsuth and falsehood, but also the concepts of
affirmation and negation are nothing but items gkeaeral theory adpeech actan which it is not the
proposition but the judgment (or statement) whigdnstitutes the primary vehicle of meaning.
According to this approach, every statement haddgeal form Fp) and includes two elements: a
sentential conterp, which corresponds to Frege’s ‘judgeable contet’jllocutionary force F, which
carries the purpose that the sentential conterdupposed to express in a given dialogue. Since
everyday language has the defect of using the sapression for sentential contents, e.g. ‘The @®or
closed’, and for their ‘assertive’ use, let us aegl the first with a propositional concept suchTae
door’s being closed’. The assertive use of thiscephthus yields the speech act ‘The door is clpsed
but there are other uses of the same concept sutie act of questioning, ‘Is the door closed?, dlot
of giving an order, ‘Be the door closed!, etc.the case of the logical principles that concermer,
we can apply this theory of speech acts to leabitoe illocutionary interpretations of logical notso

Affirmation and negation are two types of asseraees intended to indicate to an interlocutor
what ‘the case’ is, and one of the central poimtscerns the question of whether these two acts are
interdependent or logically independent from eattteio ‘Truth’ and ‘falsehood’ can be reduced irsthi
theory to the speaker’s ontological commitmentssdy of a proposition that it is true means that th
propositional content it expresses fits to oneestéitthe world; to say that it is false means thdbes
not fit. There is no difference between the trutta @roposition and the recognition of its truth the
speaker, within the framework of this theory. listis the case, the problem is to know if this &eea
can act other than by recognizing the truth of waattatement expresses. There can be but one
judgment, according to Frege: either we recogrieettuth of a statement, and we express the layter
‘The door is closed’; either we do not recognizeitd we express its falsity indirectly by ‘The di®
not closed’. But what if the speaker does not kmdwether the door is closed?

Von Wright proposes a grammatical test tovknid a statement is a ‘proposition’ “A
grammatically well-formed sentence expresses agsitipn if, and only if, the sentence which we get
by prefixing to it the phrase ‘it is true that'atso well-formed” [29, p. 6°]For example, ‘It is true that
the door is closed’ is well-formed and, therefdhes sentence ‘The door is closed’ is a proposition;
the other hand, that ‘It is true that close thertde an ill-formed sentence entails that ‘Cloges t
door!” is not a proposition. Von Wright's analysises not just corroborate the theory of speech acts
anticipated by Aristotle and established by Seatlayill also justify the existence of propositions
which are neither true nor false, such as normadrepositions like ‘The length of the standard mete
in Paris is 1 metet’or metaphysical propositions like ‘To be is to frceived’. A proposition can
therefore be neither true nor false while belongmthe class of assertive acts. We will examinthén
following the consequences of this result on sdvussaes of logic, all scrutinized by Walki.

4. Pragmatic Bivalence

Wolenski [34] presents PB as the conjunction of two togfiaal propositions. The first is a

metalogical version of PEM:
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(1) Every sentence is either true or false.
The second is a metalogical version of PC:
(2) No sentence is both true and false.

The combination of (1) and (2) relates to four ferof metalogical judgments, either affirmative or
negative. By taking up the idea of von Wright [2Bg. prefixing arbitrary sentencgsby a truth
operator T, we thus obtain four types of judgmefisfor ‘It is true thatp’ and Fp for ‘It is false that

p’, which are affirmative judgments; plfor ‘It is not true that p’ and ~~for ‘It is not false thap’,
which are negative judgments. As usual, iiske [34] then proposes a logical hexagon, (S2), to
represent the logical relationships between thesejiidgments. The advantage of this hexagon is tha
it relativizes PB by depicting it as a non-tautobad) vertex (see below).

The top vertex of (S2) expresses the affirmatiaisé (1) of PB, while its contradictory at the
bottom vertex symbolizes the negation of (1). Cqaseatly, anyone who subscribes to PB cannot think
in terms of this hexagon without accepting two aitons incompatible with bivalence: on the one
hand, the possibility for a sentence not to be without being false (- does not entail 5 and not
to be false without being true (pEloes not entail {); on the other hand, there is the possibilitydor
sentence to be neither true nor falseg-&~Fp). At the same time, (S2) does not include the cdise
‘true contradictory’ sentences, dialetheias of form Tp 0 Fp. This sentence is incompatible with (S2),
since T and B are contrary to it (~({@ O Fp) holds in (S2)). However, just as what Waski calls
‘neutralities’ [34, p. 103] is possible in (S2) aoonsists in rejecting the affirmative clause of, BB
opponent of PB must be able to accept the podyilafi ‘dialetheias’ and to reject (2) into a non-
bivalent logic. Although Wolgski doubts the intuitive meaning of dialetheiasdgiming that “I did
not find any natural matrix semantics for paracstesit logic” [34, p. 12], it is nevertheless pobsito
justify their existence, in particular by proceeagliwith what von Wright [29] describes as a shift of
meaning in the concept of truth.

Referring to the example of drizzle as a ‘transitamne’ between rainy and dry weather, von
Wright explains that this situation can be logigalhalyzed in two distinct ways: either as a sitrat
where it is neither totally the case that it ramos totally the case that it does not rain, insafsdrops
of water still fall from the sky; either as a sitioa where it is still raining and already the céss not
raining anymore, insofar as simple drops of waterstill rain and already a situation of no raimisT
means that one and the same situation can be eoegidither as a case of neutrality or as a case of
dialetheia, but not by virtue of the same intergtieth of what ‘the case’ is or truth:

It should be observed that a conceptual shift loas taken place in the notion of truth. It is
not the same sense of ‘true’ in which we say thateither raining nor not-raining and say
that it is both raining and not-raining in the zarfetransition. We could call the former a
strict sense of ‘true’ and the latter a liberahaore laxsense of trutf29, p. 13]°
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(S2)
TpC Fp

Tp % Fp

P ‘\ / -Fp

~TpU~Fp

The difference between the two interpretationshaf toncept of truth appears clearly in the below
diagram by Von Wright [29], [30], where the ‘gap@nd ‘glutty’ propositions do not correspond to the
same ‘logical zone’ and are expressed respecthweby strict operator T and a liberal operator T

P ~Tp O~Fp Tp

Tp

. P
T

Wolenski’s hexagon (S2) is therefore only a fragmennoh-bivalent logical systems, and we must
take into account the two interpretations of theaapt of truth in order to establish a set of estiga
relationships between all possible judgments dhtand falsehood.

For this purpose, we propose in the following aorstruction of PB in the form of four
independent clauses. Indeed, (1) and (2) aboveamplex formulas including two atomic sentences.
(1) can be divided into two conditional sub-sen&naer clauses implying an affirmative consequent:

(1.2) If pis not false, thep is true.
(1.2) If pis not true, them is false.

Similarly, (2) can be divided into two clauses igiph a negative condition:

(2.1) If pis true, therp is not false.
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(2.2) If pis false, therm is not true.

These four clauses are of a metalogical order,hgy fire no material conditionals; rather, they
represent procedural constraints imposed on affivmgudgments, such that it is not allowed to gssi

a certain algebraic value to a sentence withoectigjg another at the same time. The general fdrm o
PB is a clause like

If pis X, thenp is notY

and can be interpreted asmapping that is, a homomorphism between a domain of walmed a
counter-domain:
XY

whereX andY denote arbitrary truth-values within a given domai

An important question is: can a rational agent stbs to one or the other of these clauses
without admitting the others, so that each of tiveould be considered logically independent of ad th
others? A reconstruction of PB was recently progaseSchang [25], where this last principle is
represented as the combination of four statemesriadqrs [A]p, meaning ‘It is the case thgtor ‘It is
true thatp’. Assertion corresponds to the assertive speechyawhich the agent accepts the truttppf
in accordance with our pragmatic interpretatiorthaf concept of truth. This operator is also able to
translate the two distinct meanings of the conoéptuth expressed by von Wright, while preserving
the idea accepted since Frege according to whiaimaig the falsehood of a sentence is affirming th
truth of its sentential negation,

Fp = T-p

In addition, we will see that these two ‘truth-ogiers’ are only two particular cases within a gaher
logic of acts of acceptance and rejecfiddn the basis of theartial statement operator [APB can be
reconstructed as a set of four types of operajgpsieal to truth-values and translating the fouusks
(1.1) — (2.2) as follows:

(1.3) [Alp:T~F
(L4) [ApFeT
(11) [Adp:T»F
(1.2) [Ap:F T

These operators are ‘partial’, because they tramsfunly some of (but not all) values of the initial
domain: ifp is X, thenp is notY; but if p is not X in the initial state of the domain of was, then
nothing happens, i.e. no transformation occurdiénfinal state of the counter-domaifthe ‘positive’
valuesT andF denote acts of acceptance (of truth and falseh@sdppposed to the ‘negative’ values
which denote acts of rejection (of truth or falsetip The independence of negative values is exgdain
by our pragmatic interpretation of truth-values damd the primacy of acts of judgment over the
assignments of these truth-values, which are orjyessions of propositional attitudes towards a
primary truth-value: the True. Von Wright explaihss point as follows:

How many truth-values are there? Shall we say theeetwo: truth, and falsehood? Or
count the gaps and overlaps too as truth-valuesaythere are four in all? As will be seen
later, we shall make use of a 4-valued matrix. 8iate all four values are definable in
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terms oftruth andnegation it would also be possible to say that basicdibré is onlyone
‘truth-value’, viz. true [29, p. 314).

Moreover, ‘classical’ logic seems ‘simpler’ tharufevalued systems insofar as it makes uses of only
two truth-values. But from our pragmatic point géw, it is less simple because it imposes more
constraints on the acts of acceptance and rejeclibe Bivalentist equates the ‘false’ with any
statement that is not true, so that rejecting il tof a statement is sufficient to accept itsifglfrom
his point of view. However, this condition is nahposed on a speaker whose rationality does not
include the operator [A

As a matter of fact, there is a set 8F'Dossible acceptance operators within a domaim of
truth-values, knowing that this domain of values @&rease from™= mto 2" elements. Wolenski
[34] pointed out that any domain of values inclgdin < 2 truth-values is trivial and unable to satisfy
the properties of the Tarskian consequence opeiratthe present case, let us consider the paaticul

domain of values in which the = 4 truth-values are the trie the non-truer, the falseF, and the
non-falseF. The Z — 1 = 15 acceptance operators available in thisailo are the following, where the
productl] consists in adding a variable number of restnnion judgments.

[Ad]p: T = F
[AJp: F T
[As]p: TwF
[Adp:F T

[Aslp = ([Ad] O [A)p: T = E OF T
[Aelp= (A O [Aa)p: T » FOT > F
[Adp= (A O[A)p: T > FOF =T
[Aelp= (A O [As)p: F»TOT = F
[Adp=([Aa] O [Ad)p: F»TUOF =T
[Alp=(As] O [Ad)p: T>FOF T

[Aulp=(A]O[A]O[A)p: T FOFTOT »F

[Adp = ([Ad] U [AZ] D[A4])p:T'—>EDE'—’TDE'—>T

[Aup=(A2 O[A] O[A)p: F>TOT»FOF T
[Aislp=(A] O[A) O[A)p: T»FOFTOT»FOF =T

Von Wright's strong truth-operator T corresponds to the acceptanceatpe[Ag]: it consists in
judging as true every sentence that is not hetskfalnd as false every sentence that is not hedd tr

Tp=[Adp: T»FOT—F

The operator T thus obeys two of the four clausdé2Byi.e. (1.1) and (2.1). Theveaktruth-operator T
corresponds to another acceptance operatey, [A

Tp=[Ap: F»TOF T
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according to which any sentence that is held fesee sentence that is not held true and any semtenc
that is not held false is a sentence that is held. tHence the operator T@oes not obey the same
clauses of PB as the operator T, since the latesfies (1.2) and (2.2).

By interpreting pragmatically the four truth-valuas an ordered pair of accepted or rejected
truth-values, we thus obtain the translati@s 11, T = 10,F = 01 andN = 00 and the following
matrices characterizing the ‘strict’ and ‘liberalith-operators.

P | Tp|Tp
11]10| 01
10/ 10| 10
01/ 01| 01
00/ 01] 10

The third metalogical operator of von Wright [29,3®ie operator of falsity ; does not occur among
the operators [f] — [A1s] because its definition is essentially based typa of information irreducible
to the terms of PB. It essentially involves sen&gntegation knowing that p = T~p. It is this
negation that we will explain now, in pragmatiomsrofrejection

The second type of judgmeniz. rejection [N], is independent of the acceptancerator [A].
The latter imposes restrictions on ‘positive’ judgnts of type p is X', while rejection corresponds to
the class of operators imposing constraints ondtieg judgments of typep'is notX'. The general
form of the rejection operator is

if pisX, thenpis notX,
that is, a mapping of the general form
XX

which differs from the operator of acceptance by ithentity of the transformed truth-value of the
counter-domain. Due to the procedural similarity the mappings of affirmative and negative
judgments, there may be as many separate rejegtierators [N as there are acceptance operators
[Ai]. To build such a rejection operator, it suffidesrepeat the pattern of JJAwhilst replacing the
truth-value of the counter-domathby the valuex of the initial domain.

‘Classical’ negation can be understood in two didtways, in this general logic of acceptance
and rejection: either as that which turns the intie false and the false into true, by virtue of, RBher
as that which turns the true into non-true andf#iige into non-false, independently of PB. Suszko’s
acceptance of the clause FAonsists in treating the two explanations aboveeasivalent: the
algebraic ‘not-true’ is a logical ‘false’, in thersse that it expressesat-designatedrialueVAD which
excludes the algebraic ‘true’; the algebraic ‘ralsé’ is a logical ‘true’, in the sense that it eegses a
designatedralue D which includes the algebraic ‘true’. Ndvette are rejection operatorsi[MWhich do
not turn any designated value into an undesignedfae, and vice versa. Taking the example of the
particular operator [},

[No]p: F - F

this case of partial rejection is such that théiahiruth of p is left unchanged in the final counter-
domain. It is therefore necessary to specify tmmitdation of ‘classical’ negation [ as any rejection
operator which turns the designated or ‘true’ imbm-designated or ‘non-true’, i,e.,
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{INclp|[Nc]pO T~ T}

However, ‘classical’ negation behaves traditionatya ‘total’ function that transfornadl the truth-
values of the initial domain; thus, its pragmatcicterpart will be here the rejection operatofs[N

INislp=(A] O[A] O[As] O[A)p: T»TOF-»FOTH»TOF e F

We will call this total negation a ‘Boolean’ negati rather than a ‘classic’ negation which desigsat
the use of negation within the classical logic sgst

Falsehood, on the other hand, is a ‘mixed’ opertitat associates the operator of truth with a
sentential negation. The negation in question endperator of falsehoodo= T~p is what von Wright
[29] describes amternal or strong negation (‘it is the case tmaif), as opposed texternalor weak
negation or weak (‘it imot the case that’). Internal negation is not prefik@the operator T, but to the
sentential conterd. Now the rejection operators jjNire not able to explain this negation, becausg th
are only constructors of external negations. Stroagation stands ‘halfway’ between the operators of
acceptance and rejection, insofar as it consisé&@epting the negation of a given statement ahehno
simply denying this statement. To represent stroegation, we need a third type of mapping which is
neither acceptance nor rejection but a ‘fusion’tled two basic judgment operators. This hybrid
operator can characterize internal negation (orrtéaian’) as follows:

[ANip: X > ¥ =X > ¥

which can be paraphrased as ‘rejected acceptanceicoepted rejectioh’ and whose traditional
characterization corresponds to total negation kN

[ANig]p:T» FOF»TOT—»FOF T

It is therefore possible to translate the operafofalsity F = T as the expression of a particular
affirmation

Fp = T[NAs]p = [Aq][NA 15| p,
and weak truth p = ~Fp as the total rejection of the falsity-operator:
T'p =~ = [Nag][A o] [NA 18] p.

We obtain the characteristic matrices of the opesafF and Ton the basis of their above pragmatic
reconstruction:

P | [NAs]p | [Ag][NA 15]p | [N1s][A o][NA 15]p
11 11 10 01
10 01 01 10
01 10 10 01
00 00 01 10

The set of operators of acceptance, rejection,taedusion of both constitutes a generalized Idgica
framework, AR[Oi],” which is a set of 4-valued systems composed ofuthel logical constants
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(conjunction, disjunction, conditional), pragmatperators [@Q = {[Ai][Ni]}, and in which the
sentential variables (atomic or molecular) are givpreceded by a judgment operatof].f® An
extension of this framework toa-valent systems corresponds to the universal lbdi@amework
AR0i}, but our reflection will be limited to the 4-vallidomain in the following.

It is already possible to reconstruct four type$ogfcal systems in ARoj;, by means of the two
operators of acceptance and rejection and the ggations, external (or ‘Boolean’) and internal (or
‘Morganian’). These three categories are distingedsby their attitude towards two main metalogical
properties:completenesgsemantics), andonsistency The first property corresponds to the clauses
(2.1) — (2.2) of PB, and the second property cpoeds to the clauses (1.1) — (1.2).

The first category of logical systems translataibleterms of [A] is the set of ‘classical’
systems, that is to say, complete and consistémy €orrespond to von Wright's logic CL. Although
there is traditionally only one single logic systealled ‘classical’, there can exist more than ibrvee
interpret the term ‘classical’ in the sense of &uszbivaluation: every sentence receives only one
truth-value,T or F, in accordance with the second clause 6®”Frege’s Axiom. The class of ‘classical’
systems thus corresponds to the class of logicdkesys whose characteristic operatorg pkoduce
only two algebraic values: those which von Wrigalis ‘unilateral’ truth, 10 (true and non-false)dan
‘unilateral’ falsehood, 01 (false and not-true)h#is been shown in Schang [25] that severgl4re
consistency-and-completeness-forming operatorsah they form ‘unilateral’ judgments: A [A7],
[Ag] and [Ag], whose common feature is to satisfy one and amig clause of consistency and
completeness: (1.1) — (2.1), (1.1) — (2.2), (1.2231), or (1.2) — (2.2). The matrices below shbwe t
‘classic’ behavior of rational agents subscribingohe or other of the bivalent restrictions ontrut
values:

P | [Aelp | [A7]lp | [As]p | [Adp
11| 10 10 01 01
10| 10 10 10 10
01| 01 01 01 01
00| 01 10 01 10

The second category of logical systems is the $etomplete and non-consistent systemg,
‘paraconsistent’. They correspond to von Wrightigit TL. Each of these systems satisfies one
completeness clause among (1) and (2), but norleeofwo consistency clauses (3) — (4). There are
again several ways of obtaining these condition&Ryo;, hence several paraconsistency-forming
operators of acceptance:JA[A4], [A1d], [A13], [A14], Whose common feature is to accept the ‘glutty’
or ‘overlapping’ algebraic valuB = 11.

P [ [As]p | [Agp | [Asdp | [A1z]p | [A1q]p
11| 11 11 11 11 01

10| 10 10 10 10 10
01| 01 01 01 01 01
00| 01 10 11 11 11

The third category of logical systems is the clagsnon-complete and consistent systems, or
‘paracomplete’. They correspond to von Wright' Tagic. Each of these systems satisfies one
consistency clause among (2.1) and (2.2), but wbtlee two completeness clauses (1.1) — (1.2). The
paracompleteness-forming operators of acceptancet dae ‘bilateral’ incomplete valudl = 00 and

are the following: [A], [Az2], [As), [A14], [A12]-
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P [[Adp | [A2p | [As]p | [Au]p | [Ax]p
11| 10 01 00 00 00
10| 10 10 10 10 10
01| 01 01 01 01 01
00| 00 00 00 01 10

Finally, the fourth and final category of logicayssems is the class of non-complete and non-
consistent, or ‘paranormal’ systems. They corredpgorvon Wright's logic TL. Paradoxically, these
systems are not those which satisfy none but, erctimtraryall the four clauses (1) — (2) of PB. The
paranormality-forming operators of acceptance admaittwo ‘bilateral’ value® = 11 andN = 00 and
are reduced to one single case;:]A

[p] | [Ass]p
11

00
10| 10
01| 01
00| 11

The above results partially agree with the clasaifon proposed by Waiski for the different attitudes
towards PB and Suszko’s Thesis, which consistsiiididg any language L into two and only two
classes of logical values. While we recognize thate are different ways of disagreeing with PB, we
are not following the same classification critedacording to Woléski, the disagreement relates to
‘Bivalentists’, the ‘Pseudobivalentists’, and thentibivalentists’

The Bivalentists accept PB (the conjunction ofgdl (2)), but they differ as far the matter
concerns whether the bi-division of L suffices faronstructing logic. The
Pseudobivalentists accept either the metalogedlum non datur(1) or the metalogical
principle of non-contradiction (2) and take thedhiision as sufficient or not. The
Antibivalentists accept neutralities or dialethetasl deny that the bi-division adequately
displays the basis of logjig4, p. 105.].

From a constructive point of view, Wdkki's Bivalentists 'are these ‘Semi-bivalentistshevform
classical, that is to say, complete and consisfadgments; the Pseudo-bivalentists are these
‘Semibivalentists’ who form paracomplete or paraistent judgments; and the Antibivalentists are,
paradoxically, the ‘complete’ Bivalentists who forparanormal judgments by admitting the four
clauses of PB. This paradoxical result comes from'@nstructive’ or analytical reading of bivalenc
while Wolenski [34] does not divide the clauses of consisteaicgt completeness into two logically
independent clauses. In all cases, the bi-divisiequired by Suszko’s Thesis never allows the
construction of non-classical logic systems inftaenework of ARoj.

Our pragmatic reconstruction of logical systehopes to draw attention to four main points.

Firstly, ‘classical’ logic and ‘bivalent logic’ arenot synonymous expressions from our
pragmatic point of view. The so-called ‘classicagic was constructed by ‘semi-bivalent’ systems,
insofar as it does not satisfy the four PB clausésonly two of them (as opposed to the ‘paranormal
logic which, paradoxically, obeys all clauses of IRB is not a ‘classical’ system).

Secondly, there are strictly speaking no ‘clas§icglaracomplete’ or ‘paraconsistent’
negations. It is shown above and in Schang [25]iths not the two sentential negations (Boolead a
Morganian) but the acceptance operators that disish the classes of theorems from classical and
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non-classical systems. In other words, the ‘cladsagent is not distinguished from other agentdisy
particular use of negation but, rather, by higwde towards PB or what justifies a statementuhtr

Thirdly, the illocutionary interpretation of judgmis provides a certain answer to the sea-battle
problem, presented in the Chapter IX of Aristotl®g Interpretationeand studied a length by
tukasiewicz. To the question of how to validate BEM

PEM Every sentengeor its negation pris true,
without admitting the completeness clause of PB,
(2) Every sentence is true or false,

tukasiewicz [11] proposed a trivalent logic whiahects PB but is not able to validate PEM. Is ityon
possible, and on what condition in A&? The problem essentially relates to the relatietwben
PEM and its metalogical version &rtium non daturexpressed by the completeness clause (2) of PB.
If the two principles are independent from eachentit means that it is possible to admit one witho
the other. In accordance with the formation rulegudgments and the translation of PEM and (2) in
ARyoi:

(PEM) [Ail(p U [N1s]p)
(2) [Ailp O[A{][N1s]p

validating PEM without BV consists in finding artenpretation of [A such that the following thesis is
not valid:

(PEM) - (2)

The operator [A] seems to satisfy this request but requires aensidn of Lukasiewicz’s analysis to
four-valuedness. By replacing sentential variablgth their algebraic referents, we thus obtain the
following proof of invalidity:

[Agl11 O[N1s]11 - [Ag]11 [Ag]00
[Ag](11 000) - [Ag]11 O[Ag]00
[Ag]10 - 01001
10 - 01
01

One can doubt, however, the philosophical insightéss of this result, beyond its purely formal
meaning. Even if the paranormal situation of thdeesdent may agree with the thesis of
indeterminism, the problem, on the other hand, eotecthe meaning of sentential negation: the proof
above rests essentially on the uséBobleannegation, while the notion of falsehood includadhe
consequent PB results inMorganiannegation which modifies the above result of theopr Another
solution would be to admit bivalence by replacihg hotion of falsehood with that of non-truth, Batt

the consequent PB would be replaced by. RBw such a formal ‘solution’ does not account toe
sea-battle problem by reducing it to a trivial vens It therefore remains an open issue, especially
regarding the meaning to be given to sententiahti@g Morganian, in ‘it is the case that the satilb
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will take place or willnot take place’; or Boolean, in ‘it is the case the haval battle will take place
or it isnotthe case that the sea-battle will take pldte’.

Fourthly, the functional definition of the acceptarnoperators provides a new and completely
abstract explanation of the conceptlohlity. Thus, for any operator [Aand all algebraic values:

If [Ai]p: X = Y, thend([Ailp): X = Y

Each of the paracomplete systems ofs@Ris the dual of a paraconsistent system, by thiigitien.
Duality can also be interpreted by the relatioswabalternation within the framework of the theory of
oppositions. It is this notion of duality that wellviind again later on, with respect to the retetship
between logic and scepticism. It will allow to sethere are other types of propositional attitutiesn
acceptance and rejection or if attitudes such seragn, assumption and doubt are all reduciblida¢o
two pragmatic operators of AR.

5. Logics of Attitudes

If we accept the hypothesis that logic concerngé¢taionship between judgments, this implies that
speaker commits to the truth of certain sentenoelsadso accepts the logical consequences of this
commitment. However, the preceding discussion galbnce and the plurality of agents represented in
ARy assumes that these agents are multiple and thainhp one rationality is assumed by all of
these. Woléski draws a relevant formal lesson from this plityalvith respect to the redundant theory
of truth and Tarski’s T-scheme: “considerationsulibe T-scheme show that T-equivalences are no
longer logical tautologies beyond propositionatoais’[35, p. 9.}*

Von Wright confirms that the T-scheme does not hwltversally

The equivalence @ - p is well-known from discussions about the naturetrath. Its
meaning is often expressed by saying that the phias true that’, when prefixed to a
sentence, is otious or redundant. But this is tmlg if one accepts the laws (of excluded
middle and of contradiction) of classical logic.diassical logic the phrase ‘it is true that’ is
indeed redundant — and this explains why the togerator is not needed in the object
language of the classical calculus. But the classialculus is only a special, limiting, case
of truth-logic. In other truth-logics the truth-apéor is not redundant [30, p. 325].

This is the obviously the case in the pluralistfeavork ARy, Where the T-scheme may not be valid
for some interpretations of [A™

Faced with a plurality of formal truth-logida/oleaski [30], [32] investigates the philosophical
forms of this plurality. He goes on discussingtrteditional expressions in the history of philospph
especially through the distinction established byt8s Empiricus between three patterns of ratipnali
dogmatism, academicism, and scepticism. The |sgems to pose an enigma for logic: Does the
sceptical agent recognize some particular casesutbf, and what logic can he admit if he does not
recognize any? Let us take a look at Wisl@’'s analysis, in order to see what we can leaomfit
within our pragmatic logic.

This analysis is based on three componentsreaise definition of the three philosophical
schools mentioned above, based on the commenta@riny Naess; a representation of the logical
relationships between the three types of agentshwigsult from it, in the form of a hexagon of lcaji
oppositions; an explanation of sceptical logicthe form of a dual consequence’.

The main trouble comes from the meaning ofatiginal text by Sextus Empiricus. According
to the author, each of the three philosophical slshetudied expresses a distimgtistemic attitude:
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dogmatism asserts that the truth is discoveralsll@micism asserts that the truth is not discolerab
the sceptic does not assert that the truth is desable, nor does he assert that the truth is not
discoverable (he seeks the truth without findingett). We recognize here another triad of contgarie
between the three positions, and Wigk offers an exhaustive representation of epistattitudes in

the form of a logical hexagon (DIAS,isomorphic to the preceding hexagon of truth-val(&2).

The inclusive positione] corresponds to general dogmatism and comes infonas: @)
‘optimistic’ dogmatism, expressed by academicisifi) {pessimistic’ dogmatism, expressed by
academicism. The exclusive positias) Corresponds to scepticism, which rejects thetpesassertion
of the dogmatist and the negative assertion oataelemician.

(DIA)

¢

The first logical difficulty comes from the meanitgbe given to the indefinite expressitine truth’:
is it any truth whatsoever, or some truth in patac? According to Woleski, only an existential
interpretation of this definite article can restte precise meaning of the academic position:

The dogmatist’s view cannot be rendered by

(20) I assert thatverytruth is discoverable,

because it would make it impossible to state ac&ianand scepticism adequately to
their actual historical form. Assume that (20)aken as proper for dogmatism. By our
(DIA), the academician would say

(21) I assert thahot everytruth is discoverable (= | assert that at least tvath is not
discoverable). However, this statement is too wieakhe academician, because it does
not exclude that possibly some truths are discderdNow the sceptic, under (20) and
(21), must say

(22) 1 do not assert that every truth is discovieraimd | do not assert that at least one
truth is not discoverable.

This statement is too weak for the sceptic, becausscribes to him the view that
abstaining from assertions is restricted only fected propositions belonging to a given
K. Since the sceptical doubt is universal in (RR) drops an essential part of scepticism.
This, the dogmatist should be moderate in his epigt ambitions in order to be fair to

his competitors [33, p. 189.]
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This passage seems to express a half-truth. A&kilés right to say that the sceptic does not aicaap
particular truth according to the principle of istenia, so that there is no sufficient reason te@p
or its negation p. On the other hand, does the expression of seg¢ptititude impose one and only one
possible expression for the attitudes of dogmatsm scepticism? Wolski seems to think so. His
reasoning proceeds as follows: if the dogmatiseréssthatevery truth is discoverable, then the
academician asserts the contrary. What is thisamt According to Naess, this is the assertiohdha
least one truth is not discoverable; however, déisisertion does not correctly restore the attitddae
academician; therefore, the dogmatist’s attitudstrbe reformulated accordingly and expressed as the
assertion thaait leastone truth is discoverable. This reasoning is basedhe idea that the triad of
oppositenpoe of the hexagon (DIA) must be exhaustive ; thabisay, it must exhaust the entire space
logic so thatn I O is atautology

At the same time, it is possible to express a greaimber of epistemic attitudes than those
expressed in (DIA). As shown by Englebretsen [ humber depends on the logical structure of the
expressions and the different ways of denying thH&taxting from

(a) | assert that every truth is discoverable,

it is possible to express seven other differengioents on the basis of (a), modifying its logicain
by the introduction of negations:

(b) | assert that every truthn®t discoverable.

(© | assert thatot every truth is discoverable, i.e. | assert tha¢ast one truth is not discoverable.

(d) | donot assert that every truth is discoverable.

(e) | assert thanot every truth isnot discoverable, i.e. | assert that at least oneh tigt
discoverable.

0] | do not assert thamot every truth is discoverable.

(9) | donot assert that every truth mot discoverable.

(h) | donot assert thamot every truth isnotdiscoverable.

The logical space of the formulas (a) — (h) is mmmplex than the hexagon (DIA), due to the logical
structure of its formulas. In (DIA), negation issnécted and applies only to the sentential content
‘every truth is discoverable’. The assertimedality of judgment is never denied, while it is in (d), (
(9), and (h). By analogy with the alethic modattief necessity and possibility, assertion can be
considered as a ‘strong’ epistemic modality aneh@gation means the ‘weak’ modalityafpposition
Scepticism denies positive and negative assertibasgfore the attitude of doubt that characteriziss
equivalent to an epistemic contingency. On thedasithis interpretation, we can reformulate the
negative judgments as follows:

(d) I suppose thahot every truth is discoverable, i.e. | suppose thateast one truth isot
discoverable;

(f) I suppose that every truth is discoverable;

(g9) | suppose thahot every truth isnot discoverable, i.e. | suppose that at least onth tisi
discoverable;

(h) I suppose that every truthrist discoverable.

The diagram (DIA) is therefore a mere fragmenthid set of expressions in whict)(= (e), ) = (b),
and () = ~(e)l~(b) = (h)I(g).
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The problem to follow is twofold: What are the logi relationships between the formulas of
the extended structure (a) — (h)? Did Naess andWkil provide a correct interpretation of the three
epistemic attitudes of dogmatism, academicism,saegticism?

To study the set of logical relationships, we maglgze the logical space of these formulas as a
set of logically independent subsets, that is toreatually exclusive and exhaustive. The resul is
Partition Semanticssimilar to the analysis, of FA proposed in sattloand inspired by various works
[4], [9], [24]. The hexagon (DIA) is limited to agical spac&; composed of three subspaces:

(e) | (h)(9) | (b)
I |

while the logical space&, of the expressions (a) — (h) includes six subspaueich are further
partitions of the three previous ones:

@) | (e)(f)(g)l (€)(c) | (A)(h) | (C)(h)(g)l (b)

Each expression can then be interpreted as a setooipied or unoccupied positions into a finite
logical space. Let be the function applying to each expression aesponding value 1 or O in the
different logical subspaces. This results in tHeWang valuations for all of the formulas (a) -)(hto

be identified by a characteristiitstring (an ordered sequence of Boolean bits):

s(a) = 100000(b) = 000001 5(c) = 0010115(d) = 011111 6(e) = 1110000(f) = 110100,5(g) =
1111106(h) = 110111.

The above valuations above make it possible tondefine set of logical relations by means of a
Boolean calculus, composed of three bitstring dpesa complementation, union, and intersection.
Thus, for any bitstring(x) = (61(x), ...,on(X)) of lengthn characterizing any abstract object

Complementation
G(Y) = <01(X), ’Gn(x)>

Union
o(X) U o(y) =(01(¥) T 61(Y), ..., 0n(X) T 0,(y)), with 1 > 0 andb;(xX) U o;(y) = maxe;(x),0;(y))-

Intersection
o(X) N o(y) =(61(X) N 01(Y), ..., 0 (X) N 0,(Y)), with 1 > 0 ands;(X) n o;(y) = min(o;(X),0;(Y))-

Following the calculus of oppositions presentedSzphang [24], complementation turns out to be a
contradictionforming operator. If the definitions of Naess aNdlenski are correct, then:

+ (‘positive’) dogmatism is (e), and its charactecigtitstring inX; is o(e) = 111000
« academism (or ‘positive dogmatism’) is (b), and dtsaracteristic bitstring ik, is o(b) =
000001
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« scepticism is a negation of the two dogmatismsgefbee it corresponds to the formula
(e) O Ob) = (h) O (g) and its characteristic bitstringag¢h [0 g) = (111000) n (000001) =
(000111)n (111210) = 000110

The set (a) — (h) can be partially representechenhtexagon (DIA), knowing that it constitutes the
fragment of a total set of 2 256 possible formulas withixp.

(DIA)
111001

11100( % 000001

y

000110

The Boolean calculus also confirms the idea thghdiism, academicism and scepticism constitute an
exhaustive triangle of contrariesontraries because their characteristic bitstrings neverlagewith
each other irx; and their intersection is therefore emmtyzl g O =, i.e.

(a) n o(B) N o(¢p) = 1110000 000001 000110 = 000000

exhaustivebecause the union of the three epistemic atttodeupies the entire logical space such that
a OB O =T, that is to say,

o(a) O o(B) O o(p) = 1110001 000001J 000110 =111111.
This partition semantics can also be applied to Wight's truth-logics, based on the logical spage

which characterizes the operators T, F, ahdXj turns out to be isomorphic ®;, sinceXs also
includes three subspaces mentioned in von WrighB8[H:

Tp | ~TpO~T~p | T

The result is a set of formulas characterized bstimgs of lengtm = 3, namely:
o(Tp) = 100; 6(~Tp 0 ~T~p) = 010; 6(Fp) = o(T~p) = 001;6(T'p) = o(~T~p) = o(T~p) = 110;

o(T’~p) = o(~Tp) = o(Tp) = 011;6(Tp O Fp) = 1000 001 = 1015(~Tp O ~Fp) = 011n 110 = 010.
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These valuations match with the logical hexagor) (82Volenski [34]:
(S2)
101

y

010

We can see here that the two non-unilateral tratbes,B andN, confirm what von Wright [29], [30]
explained by his metaphor of the transition zonevben dry and rainy weather: these are only two
ways of expressing the same situation, that isypthe same logical subspacen

The proof runs as follows, which consists in shaninat the two metalogical operators B and
N have the same characteristic bitstring:

Bp=Tp&T'~p, sos(Bp) =110n 011 =010
Np =~Tp & ~T9, sos(Np) =011n 110 =010

B and N say ‘the same thing’, whether in elementary teohsstrong’ or ‘liberal’ truth. The same
conclusion can be reached within AdR, in order to explain the distinction between tberfcategories
of logical systems according to their interpretatad truth: ‘paracomplete’ systems give to it adsig’
epistemianeaning, such that fr means p is provable’ or ‘there is conclusive evidenceandr ofp’;
‘paraconsistent’ systems give a ‘liberal’ (or ‘w8akpistemicmeaning, such that il means p is
justifiable’ or ‘there is reason to believe timfis the case)’; ‘normal’ (or ‘classical’) systemgwe an
ontological meaning, such that fil means ‘it is a fact (or it is) that;'® the paranormal system,
finally, combines the three previous interpretasi@md this explains why no theorem is valid in this
system endowed with an absolutely free interpratati

We come back now to the problem of Naess and kigkle
What should be the correct interpretation of théstemic attitude of scepticism? This seems to
correspond to the operator JAof ARyo, due to its two characteristic partial functionise first

mapping,T ~ F, means that the existence of an argumenp fostifies the rejection of its falsehood:;

the second mapping, » T, means that the existence of an argument agajostifies the rejection of
its truth. The values of the domain therefore repné available data, while the values of the caunte
domain express the judgment of the speaker detethtig such data.
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Does the sceptical agent reject the truthabfleast one proposition, or the truth of any
proposition in the sense of a set of sentences ké&Aski explained that only the first interpretation
does justice to the contrary attitudes of dogmatsith academism; now we have shown that there are
other opposite epistemic attitudes among the egmes (a) — (h), so that nothing seems to prevent t
dogmatist from being even more radically opposeth&academician: the first is likely to assert tha
all truth is knowable, while the second would couné to think that no truth is knowable. The logical
question is to ask whether or not dogmatists, anade and sceptics should constitute a set of
epistemic attitudes not only exclusive but alsaj above all,exhaustive Although Gddel's second
theorem of incompleteness gives a strong argumerfavor of the interpretation of Naess and
Wolenski, it is possible to conceive of other more asleadical epistemic attitudes in relation to the
three models cited and according to the meanimidpatied to the concept of ‘truth’.

Examples of seemingly ‘irrational’ epistemattitudes come in particular from Indian
philosophies, including the Jain theory afekantavadaor saptabhangi(theory of non-unilateral
judgments) and theatuskoti(Tetralemma) of the Madhyamika or ‘Middle Way’ sch'® These two
philosophical stances seem illogical because oemséo accept (the truth of) any sentence while the
second would reject them all. In other words, then hgent asserts everything and embodies the
expression (a), while the Madhyamaka agent assetting. We will limit the examination of this
possibility to situations of first-order belieféat is to say, to epistemic attitudes bearing sardential
content and not on themselve (sebeliefs). Is it possible to believe the truth ofyasentence? This
seems to be the case of the sceptic, insofar apfeses the ‘positive’ dogmatist who asserts atlea
one sentence. But since he also opposes the aaaerhy not asserting the falsity of any statement,
the sceptic therefore recognizes the truth ortfalsi no statement. This amounts to a ‘non-bivalent’
situation in which rejecting the truth of a seneerdoes not imply asserting its negation, i.e. its
falsehood. Although the logic AR; seems to account for this sort of agent, its atarstic matrix
does not, however, prevent the assertion of a seat@henever its assigned truth-value is ‘unildtera

One can conceive the logic of the sceptic in twgsvaither as an attitude ofaterial rejection,
or as an attitude dbrmal rejection. In the first case, the assertion oftence is formally possible but
materially impossible, due to the epistemic in&pilbf the sceptical agent to meet the criteria of
justification for any sentence. This amounts to mmgka sort of truncation of the matrices
characterizing the sceptic in Afss), such as

p_ | [Asg]p
11| 00

In the second case, it is formally impossible teesisanything due to the ontological inability afya
sentence to meet the criteria of ‘strict’ truth.ilamounts to performing a truncation in the fiefd
truth-values, such that the domain of the scepimimates all assertion and is compelled to intetrpr
any sentence in v= N = {00}. This situation is mathematically possibed von Wright mentions it
as one of the 16 ‘truth-logics’ resulting from thewerset of the four initial valugs= 11,T = 10,F =
01,N=00:

There are in all 16 different ways in which one &aarmit” or “forbid” some or several

of the four cases. (We then include the two extremses of permitting all four and
permitting none of them respectively.)
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These 16 selections answer to 16 different ‘trotjids’. Not all of them seem to be of
interest and some of them, moreover, would seebetmlentical with one another. [30,
p. 314.]

The logic of the sceptic would correspond in thésspective to all of the sentences interpretedhén t
univalent domain §i} = {00}, indicated in red here below:

Card(W) =1 ={1}
Card(W) = 4 = {{11},{10},{01}, {00} }
Card(\,) = 6 = {{11,10},{11,01},{11,00},{10,01},{10,00},{01,00}}
Card(Vs) = 4 = {{11,10,01},{11,10,00},{11,01,00},{10,01,09
Card(Vy) =1 ={11,10,01,00}

As for the epistemic attitude of the Jain, it woglatrespond to the opposite case (indicated in, blue
here above) in which any statement is interpretgdinvthe one-valued domairB} = {11}. A reason

for admitting this formal truncation is given byetimternalistaccount of epistemic attitudes in Schang
[19], [20], [22]: from his own point of view, theaih attributes to the concept of truth a ‘convemid
meaning $amvrti-satya such that the slightest reason to accept a semtensufficient, while the
Madhyamakas give to it an ‘absolute’ meanipgramartha-satyasuch that no reason is sufficient to
accept any sentence. At the same timeesternalistaccount of epistemic attitudes modifies the
domain of valuation of the Jain: his seven corefgi® judgments consists in an exhaustive
combination of the different kinds of epistemicitattes which may be either normal and
paraconsistent/(p)[}{10,01,00}) or normal and paraconsistew(pj{11,10,01}) %

Admitting such explanations seems essential togmiethe slightest case of assertion. The
distinction between assertion and supposition mastiglly account for these radical epistemic
attitudes: the Jain does not assert anything apploses everything, so that his attitude is mora &ki
eclecticismthan optimistic dogmatism; the sceptic assertiingtand rejects everything, because his
criterion of justification is so high that the thubf any sentence must be absolute. The logicatetf
these attitudes is such that they cancel out tissipdity of a bivalent domain, insofar as any trut
value isdesignatedor the Jain andot designatedor the Madhyamaka. The bi-partition required for
the construction of a consequence relation is thexreimpossible, and any sentence then turns out
logically true or logically false. It is not thisath of one-valuedness that Wiad&i followed to analyze
the logic of the skeptic, to whom he attributesoa-assertive and logical behavior at the same time.
One way to maintain bivalence consists in replativegnotion of traditional consequenCa by a dual
consequenceCn, in which consequence does not preserve the tfitentences but their falsity.
Wolenski explains the logic of the skeptic in that walgrough the attitude of rejection. For all
statements A,B:

If Ais rejected an@ is a dual consequenceAfthenB is also rejected

Let us note that, from a sceptical point of viewge tconcept of dual consequence should be
synonymous with preservingntruth rather than falsehood (since the falsitypoéntails the truth of
~p). Now the sceptical agent of Naess and \isite seems to admit classical consequence and still
make sense of the attitude of assertion aftek\dlenski explains this point as follows:

Many things concerning rejection can be of courgeressed by Cn and negation. For
example, the modus tollens leads from asse/hing B and assertingB- (= rejectingB)
to rejectingA (= asserting nof). However, the sceptic does not like the assedame,
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even in a mixed form, and certainly he prefersifémguage that does not commit him to
assertion [33, p. 192.]

Does the sceptic take dual consequence to be aattereative language game that is equivalentdo th
assertive language game? It all depends on thepistation of his attitude towards sentence and the
concept of truth. Woleski’'s version is more ‘liberal’ than ours, if radicscepticism means that one
can attribute the truth to no sentence whatsoé\es.dual consequence Wagki deals with is distinct
from the traditional relation of consequence, bathbare still interchangeable and the discourshef
sceptic does still make sense for a bivalent agewnin our point of view, it is the epistemic attieu

[Oj] of the sceptic which is dual with that of the Bientists: rejection is untranslatable in terms of
assertion, and the discourse of the sceptic iether a language game which is meaningless for a
bivalent agent. No wonder if it is so difficult t@nstruct a logic characterizing this agent, amdséiime
holds for other agents such as Parmenides, HegBladley.

6. Partition Semantics for Non-Suszkian Logics

It is not difficult to construct a logic which doest subscribe to the ‘weak’ version of PB, whea th
truth-values are algebraic values reducible to KaisZlogical values. On the other hand, it is much
more difficult, if not impossible, to conceive ofayic that does not subscribe to the ‘strong’ erof
(PB'): can we say of a statement that it is designatetinot-designated at the same time? If a sentence
is true-and-false, it is designated and is not sigated. If a sentence is neither-true-nor-falses,
undesignated and is not designated. The varioymmegss to Suszko’s Thesis, (including [6,12]) did
not refute this thesis but advanced alternativelkiof consequence (preserving either falsehood, or
untruth). Suszko’s Thesis is therefore not ‘falseinconsistent, but it may appear less ‘insightiil
the sense that the Tarskian consequence wouldensutficient to understand rationality in a more
comprehensive way.

A criterion of insightfulness was proposed by Wskd, in order to show the philosophical
irrelevance of the coherence theory of truth: “thaory is obscure, it should be abandoned; ibésd
not satisfy its promises, it should also be abardpand the same holds for a redundant theoryeSinc
the coherence theory is obscure or it does nosfgabwn promises or it is redundant, it should be
abandoned” [32, p. 44.] Just as there can be dameegoretations of logical principles and epistem
attitudes, Woléski also distinguishes two versions of the cohezdheory of truth: a ‘mixed’ version,
which maintains the existence of a true senteaceespondingo a fact while defining the truth of the
other sentence in terms of coherencepfifs held true in the sense of truth as corresponoégthen the
disjunction p 00 q' is true because it is coherent with respecp)toa ‘pure’ or ‘Bradleyian’ version
(with reference to its author, Francis Herbert Beg)] by virtue of which it is a whole system of
sentences S which is held true and not the serdesfc®. Woléski criticizes this ‘pure’ definition of
truth as coherence because of one main logicattefe failure of ‘down’-compactness, which is the
converse of the compactness property and which ¥hkielefines [32, p. 46] as follows:

If X is a set of propositions and every finite sebsf X is true, then X is also trdé.

The failure of compactness in the coherence thebtguth is due to the holistic nature of the cqrtce
of truth: it is impossible to assign truth to simglentences of S, hence their truth is only ‘plartighe
sense that they depend on the truth of all theratbetences of the system. Now this holism is more
radical than the holism of the so-called Duhem-@uimesis, in that it responds to a ‘pure’ theory of
coherence whose meaning is of an ontological ordantrast, Quine’s truth as coherence is a holis
of justification, rather than dealing with truth iastands. Wolgski quotes Russell, the main opponent
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of Bradley’s idealism, according to which his dowtr seems obscure because it obeys some ‘logic
other than ours™

The alternative is therefore the following, whicancbe depicted as Waleki's test of
insightfulness: either a philosophical theory makesse, and there is a logic able to explain this
theory; or there is no such logic, and the theargsdnot make sense (it must be rejected, accoglingl
It is notably this absence of clearly defined ‘l@gihich seems to justify the rejection of philobogal
theories such as Bradley's therory truth as pureemnce, but also Parmenides’ theory of being,
Hegel's self-difference (inspired by Heraclitus), even Heidegger's ‘nihilating nothing’. Two
questions arise here: Is the ‘other logic’ Ruse&ls talking about compatible with the standards of
modern logic, based on the fundamental relatioooosequence? Can a theory be called ‘logical’ if it
does not embed or include any consequence relatimRave seen so far that the plurality of modern
logical systems rests on a certain version of kgmuralism, according to which the difference
between systems lies in their disagreement aboat ivhing the case’ meaf.

Now the ‘logics’ of Bradley, Hegel or Heidegger set® require more than a pluralism of truth,
that is to say, a variety of definitions of the cept of truth within one and the same set-theaktic
model (including the ‘strict’ and ‘liberal’ truthef von Wright [29], [30]; they seem to require a
pluralism ofontology i.e. the construction of models alternative te thainstream model theory and
incompatible with the formal semantics exposed faus

Partition Semantics, previously exposed in the ya@malof epistemic attitudes, may be able to
make sense of some of the “linguistic extravagdiiédsr which it seems impossible to construct
one’s own logic. Two case studies could appeamlaasscof ‘non-Suszkian logics’, i.e. rational sysem
in which the ‘strong’ principle of bivalence PBoes not hold: dialectical synthesis, and nothéisgn

Several attempts to formalize the Hegeliaadediic have been proposed so far, including da
Costa [3] and Rogowski [15f.In the former’s system ¢ C,, the concept of antinomy is rendered by
a ‘partial’ negation whose applications validate iovalidate PC depending on the structural
complexity of the sentences. In the latter’s lagfichange, a domain of four truth-values is propase
make sense of the process of ‘becoming’. This donmaludes ‘unilateral’ truth-values (the true:ist
the case only’, and the false: ‘it is not the casly’) and ‘non-unilateral’ (sub-truth: ‘it begirte be the
case that’, and sub-falsehood: ‘it ceases to bec#ise that’), in order to explain the transitioanfr
being to non-being. This logical system partititims concepts of being and non-being, in the sdrate t
it attempts to explain this continuous transiticetween these two states in terms of discrete truth-
values. This passage takes place througychcal negation, which turns a ‘unilateral’ state intman-
unilateral' state (and vice versa)However, this system does not seem able to exfiairprocess of
dialectical synthesis: it always rests on the cpte®f being and non-being, since it explains the
concept of becoming as a transition between thvesdasic states or being and not-being.

A more ‘radical’ explanation would be to proceedtle reverse sense, without presupposing
states and conceiving of being and not being asdbalts of the process of dialectical synthesis. A
model of this kind is proposed in Schang [25], acting both Bradley's truth as coherence and
Hegel's sursumptive’ negatidfi.Let x be a kind of initial object, the Absolute, whickhausts the
logical space and whose truth-value is the True ynthesis process is to be interpreted as awtobje
constructor, by successively partitioning this ialitexhaustive object into different parts thatl sti
‘participate’ in it, in the light of the followingiered’ model:
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Leve 1

thesis T X
antithesis T
synthesis TT X1 Xy
]
Level 2
thesis TT Xy | X5
antithesis  TT !
synthesis  TTTT X, | X, | X3
| |
Level 3
thesis TTTT X1 | X, | X3
antithesis  TTTT ! !
synthesis TTTTTTTT X4 | X | X3 | X

The initial being,T, is preserved hereby in each of subsequent statbsesults from a construction

process identical to that of algebraic truth-valube ‘false’ F = T corresponds to the antithesis of
Level 1; the ‘true-and-false’ corresponds to thetkgsis of Level 1, etc. This model is able to akpl
the meaning of metalogical negation applied tchtealues: it corresponds to the Hegelian negation o
Aufhebungwhich is often translated as a process of ‘chapdly-preserving’ and which escapes the
principle of subsumption with judgments like ‘SH5and ‘S is not P’. Hegelian negation thus produce
a change by the antithesis, but it guarantees rsepvation of the original truth through synthe#is
this model gives meaning to Hegel’'s dialectic,nbws above all that the Hegelian negation is not an
operator applied into a preestablished domaintatter, a truth-valueonstructor® The same can be
said of Heidegger’s ‘nihilation’, which is also natsentential negation but consists in rejecting a
characteristic property of any object. In partitisemantics, this means that the ‘nihilation’ preces
Works3lci)ke a subtraction operator that decreasesitmber of bits 1 of the bitstring characterizargy
object:

Partition Semantics may also make sense afiiBy’s holistic theory of truth as coherence, as
well as to the concept of ‘nothingness’. If the Hian dialectic explains the construction of an
ontologyas an increasing partition of one initial uniqued®al into an increasing number of particular
objects, the final set of constructed objects spoads to Bradley’s ‘total’ or ‘absolute’ truth @&nd
each singular object constitutes a ‘partial’ tratiseparable from T. Conversely, the concept of
‘nothingness’ designates that which is nothing aadnot be predicated of any object. The length of
the bitstringo(x) characterizing any objeat makes it possible to distinguish the conceptsetdtive
and absolute nothingness: ‘relative nothingnessinisobject’x such that(x) = [0 with a number of
finite bits, while absolute nothingness would be chareretd by a logically equivalent bitstring but
whose number of bits isfinite. This distinction is also found in the construetprocess of algebraic
truth-values: in a bivalent value domaih=22" = 2, the ‘false’ corresponds to the empty setnoin-
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true’; in a domain of quadrivalent value€s=22 = 4, it is the ‘neither-true-nor-false’ which cesponds

to the empty set while the ‘false’ constitutes aper element of the domaithAs for nothingness, it
would be this particular ‘object’ which would remagmpty in all the successive domains of truth-
values.

Admitting these explanations of truth as eehee, of Hegelian dialectics and of nothingness
supposes a certain dose of tolerance with regartheonotion of ‘logic’: with no relation of
consequence, as a process of constructing forntalogies. In a sense, the relation of consequence
rests on a process of discrimination (of the ‘trimgic and the ‘false’ logic) whose philosophical
counterpart is the distinction between being anatim@ing. However, being and non-being presuppose
an ontology of stable objects, i.e. substancesSuszkian’ logic presupposes in this sense theenast
of substances which cannot be reduced to accidprapkrties, while a ‘non-Suszkian’ logic does not
presuppose any ontology and consists in buildinglet® rather than ordering their preexisting
components. Bradley’s model is not a set of padicobjects, but an absolute object that includes
everything. Hegel’'s model includes an absolute a@bjeom which all the particular objects are dedv
and which patrticipate in it. In contrast to thepecal models, the logical model is an Aristotelian
model: an ‘object’ isoméhing, that is to say, a finite set of propertiemg of which are predicated or
not and whose characteristic bitstrings are thustimdjuished from any other object in the
comprehensive model. We find in this explanatioreaho of Aristotle’s hylemorphism, according to
which every object is a unique combination of faand matter. This ‘mixed’ ontology contrasts with
that of Parmenides and Heraclitus: in the firsgergthing is a form at rest, so everything ‘is’ wbas
‘becoming’ does not make sense; in the secondythreg is a matter in movement, so everything
‘becomes’ whereas ‘being’ does not make séhsEhese ontologies therefore involve ‘radical’
judgments of total acceptance and total rejectaond Partition Semantics is likely to explain what
Russell called a logic ‘different from ours’. Them® non-Suszkian logics, so to speak.

7. Conclusion: What are Truth-Values?

We did not pretend to address here all of Profe¥golenski’'s philosophical and logical writings.
However, we hope to have followed the general neetifaanalysis which he has developed so far and
which could be depicted dsrmal philosophy the use of formal tools for the understanding and
elucidation of philosophical problems.

The problems discussed here were some logiatiples of rationality: PC, PEM, and PB,;
epistemic attitudes: dogmatism, academism, andtistp; philosophical theories, such as Bradley’s
‘pure’ theory of truth as coherence and the conoéptothingness. A fundamental tool was used to
organize our thoughts on these issues, namehh-#aitie, and our main questioning concerned the
nature of such an abstract ‘object’. Is there aifipeanswer to this question? Any relativisticpease
risks reducing logical analysis to an exerciseonfrfal hermeneutics in which the theorist alwaysdas
reason to argue and is never at fault. Howeves,ithmore or less the answer that we bring to titk e
of this article, through a certain interpretatidntmth-values: these are thmeferentsof sentences, in
accordance with the first clause Féf FA; but these referents are not reduced to‘lwgical’ objects
which are the true and the false, as opposed tee¢bend clause RAANy response to this subject
requires an explanation of the nature of this alsbject.

From the perspective of proof theory, a truth-vatugans the result of a proof and it does not
make sense to assign it to a sentence out of dwegs of proof. From the perspective of model heor
a truth-value means that a corresponding sentegloads to a model and it makes no sense to assign a
truth-value to it outside any model. The intendefitrent is therefore either a proof or a membership
relation. But it can be even more, if this ‘abstrabject’ of truth-value may receive other formal
interpretations.
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The partition semantics introduced hereby has gitednto widen the field of interpretations in
this way, beyond Suszko’s ‘logical’ values and tsikavicz’s ‘algebraic’ values. For Suszko and for
tukasiewicz, truth-values designate classes ofesers that are accepted or rejected and chara&cteriz
the relation of consequence within a formal logic;Bradley’s theory of truth as coherence or the
Hegelian dialectic as we have reconstructed tharth-values designate classes of objects thatrdiffe
from the usual sentences of formal logic: it is tb&ality of sentences, in Bradley’s theory; itns
sentence in particular but, rather, an individugkot, in Hegel’s dialectic. Our conclusion is thia¢
limits of formal logic depend essentially on theamimg attributed to the concept of ‘referent’.rlith-
values are considered by Frege as proper name® pieper names are very general and can vary in
their cardinality: there are only two exclusive aating to Frege and Suszko, while there can be more
according to tukasiewicz ; there is an infinite rhem of inclusive ones, for Hegelian idealists (all
included in the ‘Great Fact’, or the Absolute), {ehihere is none for the Madhyamaka Buddhists.
Suszko’s situations are also ‘truth values’ in tleevn right, once we no longer consider a truthseal
as a class intended solely to characterize a oeladf consequence. There may be even further
interpretations of logical values, such that sélate to the consequence but go beyond the sedecdr
assertive judgments. An exhaustive treatment ofitvalues thus belongs to a broader formal thebry o
values, but the present paper wanted to sticketdaimer oned?

The idea of many-valued logics is no ‘madhesgrything depends on the function assigned to
the formal language that makes uses of these. tew@z’s ‘madness’ may pe pushed even further, as
we did hereby. Only Woteski’'s test of insightfulness can convince us thaheory is not crazy, as
long as it is possible to construct an approprfatenal theory of meaning. A formal semantics of
partitions purports to fulfill this requirementsjuas the semantics of possible worlds did it wapect
to the language of modalities.
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Notes

1. The two versions of bivalence are symbolizedaR8 PB, in [34]. We will focus here on PB, i.e. the
formulation of bivalence in terms of algebraic \esdu

2. Woleaski points that, regarding the psychological intetation of PC, “Lukasiewicz argues that the
last understanding is irrelevant for logic, becaitise an empirical fact that people assert conttady
assertions.” [37, p. 4]. One might ask two questiabout tukasiewicz’'s intriguing position with
respect to this psychological interpretation of FXGst, why does he believe that the existence of
contradictory beliefs does not constitute a souedson for invalidating PC? Second, are these
contradictory beliefs held in the context of trasmsmt or opaque discourse, that is, known or
unbeknownst to doxastic agents? Our pragmaticgre@tion of PC will take the existence of such
contradictory beliefs seriously.

3. ‘Sentence’ and ‘proposition’ will be used inteangeably throughout the paper, as they only occur
with an indicative use.

4. One could blame this example for confusing whatistinct in the theory of speech acts, namely:
assertive acts, and declarative acts. The examipkemtence on the metric convention could be
considered an example of the latter, and thus ghatthis sentence is not a proposition. On theroth
hand, metaphysical propositions are indeed assesttts and thus confirm Von Wright's view that
there are propositions neither true nor false.

5. The author also sees in this liberal interpretabbtruth a possible explanation for the process of
‘synthesis’ in Hegel's dialectic: “I suppose thaisi something like that which happened in Dialesiti
Synthesis”. We will return to this process latee pwith respect to truth as coherence and nothsgne
6. ‘Affirmation’ and ‘negation’ are understood heas illocutionary forces, and not as the locutignar
properties of a sentence or propositional contf€atavoid confusion between these locutionary and
illocutionary aspects, we will only use the phraseseptance’ and ‘rejection’ in the rest of thisce.

7. One can also interpret these operators as amsctivhich transform only certain truth-values and
leave the others unchanged:;JAurns the true into non-false and leaves theefalachanged, for
example. They are not ‘total functions’, in the segiven by Béziau in the Appendix of [35].

8. This means that constitutes the primary element in the constractibtruth value domains: frofh

comes the falseE = T, then the other non-bivalent truth-values. We wéflurn to this process of
constructing truth values in order to try to shéght on Woléski's reflections on Bradleyian
coherence and nothingness.

9. “Having a logic with 2 logical values, we can always construct its extensvith 2! logical
values” [34, p. 106].

10. The proof of identity of [AN and [NA] is provided [25], as well as the redundant operédrm of
the classical assertion: [AA= [NNj]. It is also explained that the ‘fusion’ of operet is distinct from
their composition or iteration, of form [A][}] (acceptance of rejection) and [N][@)rejection of
acceptance).

11. The details of this general framework will ragpear in this paper, due to its irrelevance fer th
present issue; for a presentation of the syntaxsantantics of ARoj, see [25]. The logical constants
may be explained as follows in AR, for any arbitrary sentencegy such that their algebraic values
are the ordered paixgp) = (X1,Y1) andv(q) = (X2,Y2). Thus:v(p 0 q) = (max(X, Y1), min(Xz,Y2)); v(p
0a) = (min(Xy, Y1), max(X,Y2)); V(p - a) = (Max(%,Y2), min(Xy,Y?2)).

12. This formation rule means, recalling von Wrigltuth-logics, that there are no ‘mixed’ formulas
like [Oi]p —» p in AR4oij. Indeed, the expression @’ indicates a judgment wheregs indicates a
mere sentential content. The formula JJ©® - p’ is therefore an ill-formed sentence meaning
something like ‘If the door is closed, then closthg door’). It is because of this syntactic rdiettthe
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logical octagon proposed by [34] does not make es@m#ARycij, since Woléski admits formulas of
types T — p by admitting of sentential variables among itslsi@med formulas.
13. Von Wright also states the equivalence of (PEdhd (2), due to the Morganian behavior of
negation in his paraconsistent truth-logick &nd T'L: “Is T(p O [p) a tautology? The answer is No.
It can, in fact, easily be shown thatpT( [p) is logically equivalent in (TL) with p O TCD, i.e. with
the Principle of Bivalence.” [29, p. 10.]
14. The T-scheme is of formpT~ p, which lies behind the ‘deflationary’ theory otith and means
that the semantic predicate of truth T adds notkingstantial to the meaning of the sentential cdante
p.
15. Note that the translation opT- p in ARy is not [A]p — p, which is an ill-formed formula.
Rather, it must be rephrased ag|f[Ai]p — p), ‘| accept that everything | accept has an evigefor
it’. It turns out that this last formula does naidhwith, e.g., [A]. Indeed,
[Agl([Ae]11 -~ 11) = [Ag](00 - 11) = [A¢]O1 = 01.
16.a = ‘| assert that the truth is discoverabl@g’s ‘I assert that the truth is not discoverable’;l do
not assert that the truth is not discoverahles ‘I do not assert that the truth is discoverghie= ‘|
assert that the truth is discoverable or | askeattthe truth is not discoverable';= ‘I do not assert that
the truth is discoverable and | do not assertttiatruth is not discoverable’.
17. This abstract object may be a sentence, boitzat®ncept, or even an individual object. See[8]g.
about the latter case.
18. Any confusion between the ‘antirealist’ (epmie) and ‘realist’ (ontological) interpretations of
risks producing paradoxical consequences if theseadmitted within a single, single logical system,
which is not the case in ARy. This seems to be the case with the ‘Fitch Parasdose conclusion
Is that a proposition is true if and only if itkeown:p — Kp. The ‘paradoxical’ consequence of this
antirealistic definition of truth is indeed baseda‘mixed’ formal language in whighand Kp belong
to the same object language. A syntactic criticdrthis paradox is formulated in [18], which consis
in refusing any mixed formula as an ill-formed fada (thus blocking the initial premise of the
paradox). Another anti-paradox strategy appearshén ‘bi-facial’ system [38], which consists in
distinguishing two kinds of truth-values: ontologi¢T andF), and epistemic (1 and 0).
19. See in particular [16], for a many-valued as@lypfsaptabhangin either 7- or 15-valued domains.
See also [19,20] for a 1-valued (therefore non-Eas} analysis ofaptabhangandcatuskoti
20. The cardinal of the Jaisevenjudgments follows from combinations of differenpistemic
attitudes, which vyields this general model of @matar models or valuations:
{{10},{01}{11},{10,01},{10,11},{01,11},{10,01,11}, in the normal and paraconsistent syste@ J
{{10},{01},{00},{10,01},{10,00},{01,00},{10,01,00}, in the normal and paracomplete system. J
Thus, there are®2= 8 — 1 possible ways of judging any sentence feoset of 3 single epistemic
attitudes, the Bforbidden case being the one in which sentenaeseither accepted nor rejected. We
take this last situation to match with the Madhykaatance of ‘silence’ or peace of mind, such that
the sentence is entertained without being judgetllaSee [14] about this interpretation which seem
to corresponds to the above special casgedf von Wright's 16 truth-logics.
21. For example, let A pand B =p [1q.
22. Woleski specifies that the principle of compactnesgdlly holds in the Bradley system, since
this principle is expressed in the form of a candial whose antecedent is false. It is only theveose
of this principle that is awkward.
23. “The coherence-theory is generally advocatefif the connection with logic entirely different
from ours.” [32, p. 45.]
24. Thepluralism of the criteria for assigning truth is defendedpauticular in [1]; it is opposed to
Carnap’s logicatelativism where the disagreement does not come from thaingeaf truth but from
the meaning of logical constants (regardless af theth conditions).
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25. “Perhaps Heidegger's and Sartre’s linguistitraasancies, like ‘nihilation’ or ‘neantization’ wlel
illustrate various troubles with the (absolute) Nogness.” [36, p. 187.]

26. For a discussion of Rogowski’s logic of changee especially [28] and also [7], [17]. This logic
modifies the previous explanation given by von Wtif9], [30] about the drizzle, which he presented
as a case of rain and no rain and which becomebercase of ‘sub-falsehood’.

27. This cyclical negation cannot be translatedRao;, because it establishes between truth-values an
ordering relation which does not correspond to @frityre rejection operators {N

28. The concept of ‘sursumption’ was created bytfiau [8] to point out the idea that Hegel's being
overhangs (andhcludeg contradictory qualities, as opposed to the pplecof subsumption that rules
contradictory (an@éxclusivg judgments of form ‘S is P’ and ‘S is not P'.

29. This operator is compared to the successioratipeS of Peano’s arithmetic such ag)S(n + 1.

30. This operator may be viewed as a precedencatop® dual to S, such amnpen — 1.

31. The relativity of nothingness is evoked by Wsle with the example of the silent composition of
John Cage4'33. Wolenski poses the following question: “Let us assuns #very year Cage would
have written a piece of finite length, but alwaysimute longer than the present one. Would then the
structure of, sayf’33 be the same as that df33?” [36, p. 187]. Our answer is No: the two
compositions would have been different, due to diféeerence in lengthn in their characteristic
bitstrings.

32. The distinction between ‘nothing’, ‘somethiragid 'everything’ is explained in [23] as a diffecen
between their respective bitstrings: ‘somethingdame thing’ and ‘no thing is nothing’ hold, whereas
‘every thing is everything’ does not.

33. The constructive process of truth-values teat$ to various domains of valuation shows this
increasing process of relative bitstrings, whererg¥inite bitstring relates to a special kind abper
name: &Kripkeanproper name, which behaves as a uniquely idengfgxpression.

34. ‘Good’ and ‘wrong’ may also occur as the reféseof moral propositionsi.e. expressive speech-
acts by means of which Leo StrauS®ductio at Hitlerunis rendered as a moral version of Modus
Tollens. See Schang, F., “Moral Inferences” (draftyl “Political Oppositions” (talk to be deliverad
the next ¥ World Congress on the Square of Opposition, Lepgeptember 7-11, 2021).
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