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Abstract

In this work, we propose a dangerous journey — a journey through the strong singularity from one
universe to another or from inside of a black hole to its ’inverse’ as a white hole. Such singularities are
hidden in the Friedman and Schwarzschild solutions; we call them malicious singularities. The journey is
made possible owing to two generalizations. The first generalization consists in considering spaces with
differential structures on them (so-called ringed spaces) rather than the usual manifolds. This entails a
generalization of the concept of smoothness, which allows us to think about a smooth passage through
the singularity. The second generalization is related to the concept of curve. We show that if a kind of
singularity is implanted in the set of curve’s parameters, along with an appropriate topology, in such a
way that the structure of the set of parameters corresponds to the structure of the singular space-time, the
curve can smoothly — in a generalized sense — pass through the singularity.
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1. Introduction
The rapidly developing physics of black holes, both theoretically and observationally, brings the

singularity problem into sharp focus once again. In the classical period of studying singularities and
formulating theorems about their existence (the 1970s and 1980s of the previous century), it was still
possible to neutralize the problem by eliminating the beginning of the universe with the help of
various tricks. Today, when observations clearly suggest that there are black holes at the centers of
most galaxies, the problem must be faced in all its severity. Until we have a final quantum theory of
gravity, classical methods should be fully exploited. They may not only be valuable in themselves,
but also point the way to the future quantum gravity theory.

In this work, we want to do the impossible: not only reach the singularity, but also go through
it to a new universe, if one exists on the other side’. This is not an easy undertaking. All the time,
we have in mind strong singularities, such as the ones hidden in the Friedman or Schwarzschild
solutions; in the following we will call them malicious singularities. So far, such singularities have
been understood as points ofa space-time boundary (not belonging to space-time, so its points are not
points in the usual sense of the word) at which the histories of observers, photons or other particles
terminate. If so, then these histories — by definition — cannot go through the singularity. However,
in mathematics, sometimes a small generalization is enough to overcome another conceptual barrier.

In this work, two such generalizations turn out to be crucial. The first concerns the concept of
smoothness. We use this concept, as it is understood in the theory of Sikorski’s differential spaces
Sikorski|1972|and the theory of Grothendieck’s sheaf spaces Grothendieck |1958, The essence of this
approach is to consider, instead of the usual differential manifolds, a more general class of spaces
with differential structures defined on them. These so-called ringed spaces will be recalled in Section
This method is employed to analyze malicious singularities, regarded as points of the b-boundary
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of space-time. A short review of this issue can be found in Section [3] The second generalization is
related to the concept of curve. A smooth curve (in the traditional sense) has no chance of passing
through a malicious singularity, but if a kind of singularity is implanted in its set of parameters
(along with an appropriate topology), so as the structure of the set of parameters corresponds to the
structure of the singular space-time, the curve can smoothly — in a generalized sense — pass through
the singularity. This is shown in Section [4}

2. The Concept of Smoothness

Let us recall the standard concept of smoothness as we encounter it in every analysis course. Let M be
an n-dimensional differential manifold, and A = {(Ux, $ o)} xes anatlasson M. Amap f : M — R
is said to be a smooth function on M if, for every p € M, there exixts a chart (U, $) € A such
that p € Uand f o ¢! : $(U) — R is smooth in the usual sense. The smoothness condition
for the transition maps between charts in the atlas guarantees that if f is smooth in one chart (in a
neighbourhood of p), it is smooth in any other chart.

Let N be another n-dimensional manifold, and let us consider a map F : M — N. The map F is
said to be smooth if, for every p € M, there exists a chart (U, ) on M with p € U, and a chart (I, )
on N with F(p) € V, such that F(U) C ¥V andpoFod~!: ¢(U) — (V) is a smooth function on
R",

Any smooth mapping F : M — N between manifolds induces linear maps between their tangent
spaces Fup : TyM — TF(p)N . With the help of this map and its dual, vector fields, differential forms

and other local geometric data can be transported between manifolds.

To deal with singularities we need a generalization of this smoothness concept. We find it in
Sikorski’s theory of differential spaces. His idea was to collect all functions that we would like to
consider ’smooth’ in a family defined on the space M called its differential structure. Of course,
for this concept to be reasonable, the family must satisfy suitable conditions. This idea has been
implemented in the following way (for a short introduction to the theory of differential spaces see
Gruszczak and Heller [1993; Heller and Sasin [1995).

Let (M, top M) be a topological space, and C a family of functions defined on M (with values in
any set). A function /, defined on an open subset V' C M, is said to be a local C-function on V if for
every p € I there exists its open neighbourhood U C 1V and a function g € C such that f1U = ¢lU.
The set of all local C-functions on V' C M is denoted by Cy.

From the definition it follows that CIV C Cy, and if V' = M then C C Cyy. If C = Cyy (every
local C-function on M belongs to C), we say that the family C is closed with respect to localization.
This is the property we would require for smooth functions. Another such property is the following.

The non-empty family C of real valued functions defined on a set M is said to be closed with
respect to composition with smooth functions provided the following condition is satisfied: if
w € C®[R" and fi,...,fy € C, then w(fy,...,fu) € C. The family C satisfying this condition is
denoted by sc C.

A family C of real functions on M, which is closed with respect to localization and closed with
respect to composition with smooth functions is called the differential structure on M, and the pair
(M, C) the differential space. All functions belonging to C are smooth ex definitione.

A mapping between differential spaces is smooth if it preserves the smoothness understood in the
above way, i.e. if (M, C) and (N, D) are differential spaces, then the map f : M — N is smooth if, for
every functiong € D, go f € C.

The above understanding of smoothness works well in many cases, but is still ineffective when
applied to stronger type singularities. What we need is a ‘localization’ of this concept. This is achieved
in the following way.

Let (M, top M) be a topological space. The sheaf C of real continuous functions on (M, top M) is
said to be a differential structure if, for any U € top M, one has scC(U) = C(U), i.e. every C(U) is
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closed with respect to composition with smooth functions. The pair (M, C) is called the structured or
sheaf space (for a theory of structured spaces see Heller and Sasin [1995).

Since the sheaf definition implies that each C(U) is closed with respect to localization, every C(U)
is a differential structure on U (in the sense of Sikorski).

Let (M,C) and (N, D) be two structured spaces. A mapping

F:(M,C) = (N,D)

is said to be smooth if F*(D) C C, i.e. for every U € top N and ¢ € D(U) one has F*g := go F €
C(F~1(u)).

Structured spaces as objects and smooth mappings between them as morphisms form a category
of structured spaces. We will use the concept of smoothness involved in this category in our further
considerations regarding going through a malicious singularity.

3. Malicious Singularity

The problem is that the singularity cannot belong to space-time, because the metric and even
manifold structures of space-time break down in it but, on the other hand, it must be defined using
theoretical tools available within space-time, otherwise, it would not even have a quasi-operational
significance. Moreover, the definition of a singularity should also be ‘theoretically operational’, i.e. it
should be possible to prove statements about its occurrence and properties based on it.

As a result of long discussions (described in detail in Tipler, Clarke, and Ellis[1980), it turned out
that these criteria are met by the definition of a singularity as a geodesic incompleteness of space-time.
An inextendible space—timeﬂ is geodesically complete if all (timelike and null) geodesics in it can
be continued to arbitrarily large values of an affine parameter (in both directions). If this is not the
case, a given space-time is said to be geodesically incomplete. An incomplete geodesic represents the
history of an object that ‘runs into a premature end’ Tipler, Clarke, and Ellis|1980} p. 139, and may
be regarded as ending at a singularity.

Singularities, understood in this way, can be organized into a kind of boundary of space-time,
the so-called g-boundary. The point of the g-boundary of space-time is defined by an equivalence
class of incomplete geodesics that meet the condition allowing us to regard them as ending at the
same point.

As we can see, geodesical incompleteness is a sufficient condition for the existence of a singularity
rather than its full fledged definition, but it well served its purpose since it was possible, with the help
of it, to prove several theorems on the existence of singularities Hawking and Ellis 1973\ And mostly
for this reason, the g-boundary construction has outdistanced other similar constructions such as
causal boundary Kronheimer and Penrose 1967, p-boundary Dodson |1967|or essential boundary
Clarke 1979, but it was not without problems itself. One of them was that geodesic (in)completeness
applies, as the name suggests, only to geodesics, while also timelike curves can, in principle, "break
off” at a singularity. It was Geroch who constructed a geodesically complete space-time containing
an inextendible timelike curve of finite length and bounded acceleration Geroch|1968. The latter
property is essential since ‘an observer with a suitable rocketship and a finite amount of fuel could
traverse this curve’ Hawking and Ellis 1973} p. 258.

This shortcoming was supposed to be remedied by the construction proposed by Schmidt|1971!
Since it plays an important role in our considerations, let us present it briefly (for a detailed account
Clarke |1993; Dodson [1978; Schmidt [1971). A connection on space-time M induces a Riemann
metric on a connected component of the fibre bundle O(M) of orthonormal frames over M. It
does it in such a way as to make horizontal and vertical subspaces orthogonal. This leads to the

1. Space-time (M’, ¢’) is an extension of space-time (M, g) if there is an isometric embedding p : M — M’. Space-time is
inextendible if there is no such embedding with p(M) 7 M.
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existence of the Riemann metric G on O(M). This metric is not unique but the subsequent steps of
the construction do not depend of the choice of the one of admissible metrics. With the help of G

we define the distance function and construct the Cauchy completion O(M) of O(M). We extend,

by continuity, the action of the structural group O(3, 1) of the bundle from O(M) to O(M) and we

form the quotient space O(M)/O(3, 1) to define

M = My, — M = n(O(M)) — m(O(M))
where 7t : O(M) — O(M)/O(3, 1) is the canonical projection, and My = M U ;M the space-time
with its b-boundary.

The elements of the b-boundary of space-time are now the equivalence classes (of a suitable
equivalence relation) of not necessarily causal geodesics, but also the equivalence classes of other
curves. If, however, b-boundary is restricted to causal geodesics, it changes into g-boundary of
space-time. So it seemed that the problem of a "working definition’ of singularity had been solved.
It was an unpleasant surprise when Bosshard [1976|and Johnson |1976 independently discovered the
following pathologies in which b-boundary are involved. If the singularity in the closed Friedman
solution or Schwarzschild solution of Einstein field equations is represented as a point p in the
b-boundary, p € 9;,M, then the fibre ! (p) of the fibre bundle of linear frames over p degenerates
to a single point. This is particularly frustrating with respect to Friedman’s closed solution, because in
that case the beginning and end of the universe would be the same, and only, point of the boundary.
Moreover, this b-boundary point turns out not to be Hausdorft separated from the rest of space-time.
In fact, topology of this configuration is highly degenerate: the only open neighbourhood of the
singularity is the whole of space-time. These conclusions seemed disastrous for the b-boundary
construction: what was supposed to be a successful definition of singularity turned out to be a source
of new difficulties.

The situation was clarified in Heller and Sasin|1994,|1995| It turned out to be essential to employ
the concept of smoothness as it is integrated into the construction of space-time as a structured space.
The following theorem is crucial.

Theorem 1. Let (M,C) be a structured space with the topology T, the weakest topology in which functions
ofC' are continuous, and (M*, T) a topological space such that My = MU {x}, x ¢ M. And let thefol/owing
conditions be satisﬁed

* T|M=TC(M)1
cxclUet=U=M.

Then on the topological space (M, ) there exists exactly one differential structure Cy such that C,(M) = C(M)

Proof. See Heller and Sasin 1995, O

This theorem says that if we are inside space-time M, i.e. in any open set U € T, we will not find
any pathologies, everything will happen as in a regular (non—singular) space-time. However, if we
want to prolong the differential structure C from M to My, this can only be done in a trivial way,
that is only constant functions can be prolonged, and we obtain C(M,) = R. Therefore, the whole of
M, collapses to a single point.

We also have the following theorem.

Theorem 2. Let p € 3yM. If the fibre 71 (p) in the fibre bundle of orthonormal frames over My degenerates
to a single point, then only constant functions can be prolonged to My, i.e. C(My) = R.
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Proof. See Heller and Sasin 199 O

Singularites to which Theoremsandapply we have in anticipation called malicious singularities.

Theorems [Tland at least partially explain "pathological’ situations analyzed by Bosshard 1976
and Johnson 1976, These theorems confirm these ‘pathologies’ their differential structures indeed
consist of only constant functions, and their topology of only one open set (besides empty set).
Therefore, the differential structure of the closed Friedman model encodes the beginning and end
of the Friedman universe (and all other its points) as just one point. However, as soon as we do not
extend the differential structure to the b-boundary (to the singularity), everything happens as in
ordinary space-time.

In our previous works, we stopped at these explanations, now we want to pick up this thread
and go further. So we ask the question: if we have the apparatus of structural spaces and its possible
sharpening at our disposal, is it possible to go (smoothly or not) through the malicious singularity?
This will be the subject of our analysis in the following section. To move forward, we first have to
design curves that could do the work.

4. Curves in the Singularity
Let (M, Cpy,), My = M U {x}, be a space-time manifold M with the malicious singularity * € 9,M,
where Cyy, is the sheaf of smooth functions on M. The topology on M is

top My = top M U {M,. }

where {M,} is the only open subset containing the singularity . The cross-sections of the sheaf
Cpy, are of the form

Cu, (M) =R, Cp, (U) = C>(U)

for U € top M.
We will analyze curves passing through the singularity. Let us consider two types of smooth
curves (smooth — in the sense of structured spaces):

* v:I— M, where I = (0,1) is endowed with the standard topology, yI(0, 1) C M and (1) = ,
* Vs : Iy = M, where I, = (0,1) is endowed with the topology top(0, 1) U {1} (mimicking the
topology of M), along with v,[(0,1) C M and y«(1) = * as above.

Let us notice that the injection 1 : I — I, defined simply as the identity mapping 1(1) = ¢, ¢ € (0, 1),
is continuous.

The differential structure on I, is defined as a sheaf on L, C;, = R, Cp, (U) = C*(U) for
U € top(0, 1). Our curves can be thus regarded as morphisms

v : (I,C®) = (M4, Cpy,),
Y - (I*,C[*) — (M*,CM*).

It can be easily seen that the injection 1 is a smooth mapping of parameter spaces of structured
spaces (I, C*°) and (I, Cy,). This allows us to define the transformation of the curve v, into the
curve y.

Y=YxOL

(see the commutative diagram below).

2. The set of all linear frames over My, if there exist in it degenerate fibres, is not a fibre bundle, in the usual sense, but it is
a fibre bundle in the category of structured spaces.
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The following lemmas present the smoothness properties of curves y and yx.
Lemma 1. Curvey : I — M, is smooth if and only if curve y1(0,1) : (0,1) = M is smooth.

Proof. Recall that the smoothness of y means that y*(Cpy, (U)) € C*°(y~1(U)) for any U € top M
and Y*(Cpy, (My)) € C®(y~1(M.)). But since Cpy, (U) = C*°(U), the former condition is equivalent
to the smoothness of y1(0, 1), whereas the latter condition boils down to y*(R) C C*°({0, 1)) (with
the elements of R interpreted as the constant functions), what is trivially true. O

Lemma 2. Curve vy : I, — My is smooth if and only if curvey : I — My is smooth.

Proof. The smoothness of v, means that (y.)*(Cpy, (U)) C Cp, (yx ' (U)) for any U € top M and
(v+)*(Car. (M) € Cp, (5 1 (M.)). By defition of the respective sheaves, the latter condition boils
down to (v«)*(R) C R, what is trivially true (even as an equality). On the other hand, the former
condition reduces to y*(C>(U)) € C>®°(y~!(U)), where we have replaced v, with y because they
are equal as maps (v« (r) = y(r) for all 1 € (0, 1)). But as we have seen in the proof of Lemma this is
already equivalent to the smoothness of y.

O

As we can see, both curves, v and v, are smooth in the category of structured spaces, even
though the topologies of their parameter spaces are different, top I C topI.

Let us now consider a curve v hitting the malicious singularity, such as the one likely hiding
in the Big Bang or beyond the horizon of a black hole; alternatively, a curve passing through the
singularity from an expanding phase of the universe to its expanding phase or, if you prefer, entering
a black hole singularity, and then emerging from the ‘other side of it” as of a white hole. For brevity,
we will talk about the transition from the universe My, through the singularity #, to the universe
M,, where My N M, = 0.

We thus have the following situation: M, = My U {*} UM, (M, will also be denoted by M; x M5)
with the topology

top My = top(M U Mp) U { M.}

where M, is the only open set containing the singularity.
For any smooth curves vy : (0,1) — M; and v; : (1,2) — M, let us now define the curve
Y1 *xv2 : (0,2) — My “passing through” the singularity

v1(t) € My ifr€(0,1)

(v1*v2)() = * if =1
vo(f) € My ift € (1,2)

where the set of parameters, denoted I, = (0, 2) in what follows, is endowed with the topology
topL = top((0, 1) U (1,2)) U {(0,2)].
As a kind of formal summary of our considerations, we can formulate the following proposition

Proposition 1. The curve vy x Y3 : Iy — My is continuous and smooth if and only if vy and v, are
continuous and smooth.
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Proof. The continuity part is obvious from the very definition of the topologies involved. As for the
smoothness part, the reasoning goes along the same lines as in the proofs of Lemmas&with some
simple modifications, such as replacing I and M with (0, 1) U (1, 2) and M U My, respectively. O

This method of passing through the singularity opens up yet another problem. The Noether
theorem shows that breaking the translational time symmetry leads to violating the principle of
energy conservation (see, e.g. Hanca, Tulejab, and Hancova 2004; Kosmann and Schwarzbach 2010).
Introducing a singularity to the reparamerization of the curve y1 x v, and synchronizing it with the
cosmological singularity creates just such a situation. Although the curve y; x v, passes smoothly
through the singularity (in the sense of the theory of differential spaces), at the “transition” moment
anything can happen.

Even more importantly, let us notice that the above construction is very general. In fact, in this
way one can “smoothly join” even the curves which do not approach the b-boundary (in particular,
nothing in the above construction prohibits 'y and y; to be constant curves!). It is thus worth
investigating whether the above construction can be made sharper in the case of curves that do
approach the singularity by explicitly involving the b-boundary definition.
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