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Abstract
In this paper we present the concept of a functorial Lie group. We enrich the space with parametric points
and consider the structure as C∞ - algebra [Pysiak et al. 2020]. We get varied spaces. Taking the Lie
group as a space, we construct the functorial Lie group with parametric points. We also consider the Lie
algebra of the functorial Lie group and construct the functorial exponential map.
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1. Preliminaries
Let (G, C∞(G)) be any Lie group, i.e. a group which also has the structure of a manifold, with the
group operations:

µ : G × G → G, µ(g1, g2) = g1g2,

ν : G → G, ν(g) = g–1,
(1)

for any g1, g2, g ∈ G and the neutral element e ∈ G.

For a ∈ G we define mappings: the left translation La : G → G in the group G by the element a,
La(g) = ag, the right translation Ra : G → G in the group G by the element a, Ra(g) = ga, and the
inner automorphism ada : G → G, ada(g) = aga–1.

The mappings Ra and La are diffeomorphisms. They induce differential maps (the push-forwards)
(Ra)∗g : TgG → TgaG and (La)∗g : TgG → TagG respectively, which are given by the formulas:

((Ra)∗v)(f ) = v(f ◦ Ra),

((La)∗v)(f ) = v(f ◦ La)

for any v ∈ TgG and f ∈ C∞(G).

Let X : G → TG be a left - invariant vector field on G, i.e. the vector field which is invariant
with respect to any left translation on G:

∀a ∈ G (La)∗(X) = X,

or equivalently
∀a ∈ G (La)∗X(e) = X(a).
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Let us denote by L(G) the set of all left - invariant vector fields on G,

L(G) = {X ∈ X (G) : ∀a ∈ G (La)∗(X) = X}.

L(G) is a Lie algebra, which is called the Lie algebra of the Lie group G. It is the set of all left - invariant
vector fields on G with the usual addition, scalar multiplication and bracket operation [Kobayashi
and Nomizu 1963].

The mapping iG : L(G) → TeG, iG(X) = X(e), is an isomorphism of linear spaces [Gancarzewicz
2010]. So it allows us to transfer the Lie bracket [ , ] from L(G) to TeG and

dimL(G) = dim TeG.

L(G) is the Lie subalgebra of the dimension n (n = dim G) of the Lie algebra of all vector fields X (G).
It is known [Kobayashi and Nomizu 1963], that every X ∈ L(G) generates a global flow as 1-
parameter group of transformations of G, i.e. C∞ mapping φ : R × G → G, φt : G → G, given by
φt(g) = φ(t, g), satisfying the conditions:

1. φt is diffeomorphism for all t ∈ R,
2. ∀t,s∈R ∀g∈G φt(φs(g)) = φt+s(g),
3. ∀g∈G φ0(g) = g.

For fixed point g ∈ G, φg(t) is the integral curve of the field X starting at g ∈ G. We have

X(φg(t)) =
dφg(s)

ds
|s=t= φ′

g(t).

Theorem 1.1 If X ∈ L(G) and φt is the global flow of X, then for at := φt(e), t ∈ R, we have the
following formulas [Gancarzewicz 2010]:

1. at · as = at+s,
2. a0 = φ0(e) = e,
3. φt = Rat .

The family {at}t∈R is called the 1-parameter subgroup of G generated by an element X ∈ L(G). In another
characterisation at is a unique curve in G such that its tangent vector ȧt at at is equal to Lat (X(e)). In
other words, at is a unique solution of the differential equation

a–1
t ȧt = X(e)

with initial condition a0 = e.
Theorem 1.1 allows us to define a mapping

expG : L(G) → G,

expG(A) = a1 = φ1(e),
which is called the exponential mapping.
The exponential mapping expG : L(G) → G is smooth and has the following properties:

Theorem 1.2 If {at}t∈R is the 1-parameter subgroup of G generated by an element A ∈ L(G), then:

1. for any s ∈ R, expG(sA) = as ,
2. for k ∈ Z, expG(kA) = (expG(A))k,
3. expG(0) = a0 = e.
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2. Space with parametric points
Let (M, C∞(M)) be a differential manifold, (P, C∞(P)) be a manifold of parameters. Every mapping
φ : P → M is called the parametric point of the manifold M. Spaces with parametric points were
considered in [Navarro Gonzalez and Salas J. B. 2003], [Pysiak et al. 2020], [Falkiewicz, E. and Sasin,
W. 2021].
By M̄(P) we denote the set of all parametric points φ : P → M of the manifold M. Let us notice that

M̄(P) = MP.

For any smooth function f ∈ C∞(M) we define f̄ : M̄(P) → C∞(P) by the formula

f̄ (φ) = f ◦φ for φ ∈ MP. (2)

By the symbol C∞(M̄(P)) we denote the set of functions f̄ , where f ∈ C∞(M),

C∞(M̄(P)) = {f̄ : f ∈ C∞(M)}.

It is easy to see that C∞(M̄(P)) is a C∞ - algebra with operations

ω(f̄1, . . . , f̄n) = ω(f1, . . . , fn)

for any ω ∈ C∞(Rn), n ∈ N, f1, . . . , fn ∈ C∞(M). We obtain the ringed space (M̄(P), C∞(M̄(P)))
of parametric points with parameters from P, associated with the manifold (M, C∞(M)).

For any smooth mapping F : M → N of manifolds M and N we define the mapping

F̄ : M̄(P) → N̄(P)

by the formula
F̄(φ) = F ◦φ.

The mapping F̄ is smooth, F̄ : (M̄(P), C∞(M̄(P))) → (N̄(P), C∞(N̄(P))). Indeed,

F̄∗(β̄) = F∗(β) = β ◦ F for β ∈ C∞(N).

Lemma 2.1 The mapping J : C∞(M) → C∞(M̄(P)) given by

J (f ) = f̄

is an isomorphism of the C∞ - rings.

Proof: If f̄ = ḡ then ∀φ ∈ MP we have f̄ (φ) = ḡ(φ), i.e. f ◦ φ = g ◦ φ. Then ∀p ∈ P,
f ◦φ(p) = g ◦φ(p) or otherwise f (φ(p)) = g(φ(p)). From this we obtain f = g ∀x = φ(p) ∈ M. QED

More generally, we construct a functor

M̄ : Diff → Sets,

where Diff is a category of differential manifolds and Sets is a category of sets. At a stage P ∈ Diff
we have

M̄(P) = MP.
For any function f ∈ C∞(M) we define 1-parameter family of natural transformations as follows:

f̄ := {f̄ P}P∈Diff ,

At a stage P the mapping f̄ P : M̄(P) → C∞(P) is defined by (2), f̄ P(φ) = f ◦φ.
We obtain the ringed space (M̄, C∞(M̄) with the C∞ - algebra C∞(M̄) isomorphic to the C∞ -
algebra C∞(M) (see [Palais 1981], [Sikorski 1972], [Nestruev 2003]).
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3. Lie groups with parametric points
Let (G, C∞(G)) be the Lie group with the actions (1). Let us consider space (Ḡ(P), C∞(Ḡ(P))) of
parametric points φ : P → G, associated with the manifold (G, C∞(G)).
The smooth mappings µ̄ : Ḡ(P) × Ḡ(P) → Ḡ(P) and ν̄ : Ḡ(P) → Ḡ(P) are group actions in Ḡ(P).
We obtain differential Lie group (Ḡ(P), C∞(Ḡ(P))) with group actions

φ1 ·φ2 = µ̄(φ1,φ2) and φ–1 = ν̄(φ)

for any parametric points φ,φ2,φ ∈ Ḡ(P) = GP. The neutral element of Ḡ(P) is constant mapping

φe : P → G, φe(p) = e for any p ∈ P.

Obviously
φ1 ·φ2 = µ̄(φ1,φ2) = µ ◦ (φ1,φ2) = µ(φ1,φ2),

φ–1 = ν̄(φ) = ν ◦φ.

From the above

(φ1,φ2)(p) = φ1(p) ·φ2(p), φ–1(p) = (φ(p))–1 for all p ∈ P.

Proposition 3.1 (Ḡ(P), C∞(Ḡ(P))) is the Lie group with parametric points, associated with the Lie group
(G, C∞(G)).

By Lemma 2.1 C∞(Ḡ(P)) = {f̄ : f̄ (φ) = f ◦ φ,φ ∈ GP} is a C∞ - algebra isomorphic to
C∞(G), f 7→ f̄ is an isomorphism. From this fact we obtain that any derivation X ∈ Der(C∞(G)),
X : C∞(G) → C∞(G) induces the derivation X̄ ∈ Der(C∞(Ḡ)):

X̄f̄ = Xf .

The extension X̄ of a derivation X is unique, i.e. if X̄ = Ȳ then X = Y.
If we take the constant mapping ϵ : P → G, where ϵ(p) = e for all p ∈ P, then we obtain

X̄(ϵ) = X ◦ ϵ = X(e).

We say that the derivation X̄ ∈ Der(C∞(Ḡ)), X̄ : C∞(Ḡ) → C∞(Ḡ), is left-invariant, if for any
φ ∈ GP,

(Lφ)∗X̄(ϵ) = X̄(φ). (3)

Let us denote by L(Ḡ) the set of all left-invariant derivations X̄ of the algebra C∞(Ḡ). L(Ḡ) is the
Lie algebra with the bracket operation [·, ·] : C∞(Ḡ) × C∞(Ḡ) → C∞(Ḡ),

[X̄, Ȳ] = X̄ ◦ Ȳ – Ȳ ◦ X̄ = X ◦ Y – Y ◦ X = [X, Y].

The algebra L(Ḡ) will be called the Lie algebra of the functorial Lie group Ḡ.
On a stage P we have L(GP) - the Lie algebra of the Lie group GP of parametric points.

Proposition 3.2 Any left-invariant derivation X ∈ L(G) induces the left-invariant derivation X̄ ∈ L(Ḡ).

Sketch of the proof. Analogously like in a classical case, each left-invariant vector field X̄ ∈ L(Ḡ)
induces its global flow φ̄ : R̄ × Ḡ(P) → Ḡ(P) (otherwise φ̄ : RP × GP → GP) which we define by
the formula

φ̄(τ,γ) = φ̄τ(γ)

for fixed τ : P → R and for any parametric point γ ∈ GP,γ : P → G. φ̄τ is the 1-parameter group
of transformations of Ḡ(P) generated by the left - invariant vector field X̄ ∈ L(GP).
φ̄τ possesses similar properties to classical case:



Kielnarowa Review 27

1. φ̄τ is diffeomorphism for all τ ∈ RP,
2. ∀τ1,τ2∈RP ∀γ∈GP φ̄τ1 (φ̄τ2 (γ)) = φ̄τ1+τ2 (γ),
3. ∀γ∈GP φ̄θ(γ) = γ (or equivalently φ̄θ = idGP ), where θ : P → R, ∀p∈P θ(p) = 0.

For fixed γ ∈ Ḡ(P), φ̄γ(τ) is the integral curve of the vector field X̄ starting in γ ∈ Ḡ(P), where
τ ∈ RP. We have

X̄(φ̄γ(τ)) =
dφ̄γ(σ)

dσ
|σ=τ= φ̄′

γ(τ).

Lemma 3.1 If X̄ ∈ L(Ḡ) is a left-invariant vector field on Ḡ(P) corresponding to the left-invariant vector
field X ∈ L(G) on G via isomorphism of C∞ - algebras J : C∞(G) → C∞(Ḡ(P)) (lemma 2.1), then the
global flows for both vector fields are bijective, i.e. for any integral curve of the vector field X there is exactly
one integral curve of the vector field X̄.

Taking the left-invariant vector field X̄ ∈ L(Ḡ) and the global flow φ̄τ of X̄, we define

āτ := φ̄τ(ϵ) ∈ GP,

where ϵ ∈ GP is the constant mapping ϵ : P → G such that ϵ(p) = e for all p ∈ P, where e is the
neutral element in the Lie group G. āτ has properties:

1. āτ1 · āτ2 = āτ1+τ2 for τ1, τ2 ∈ RP,
2. āθ = φ̄θ(ϵ) = ϵ, for θ ∈ RP, θ(p) = 0 for all p ∈ P.

The family {āτ}τ∈RP is called the 1-parameter subgroup of Ḡ(P) generated by the left - invariant vector
field X̄ ∈ L(Ḡ(P)).
Further, using āτ, we define the exponential mapping for the Lie group Ḡ(P):

expḠ(P) : L(Ḡ(P)) → Ḡ(P),

expḠ(P)(X̄) = ā1 = φ̄1(ϵ),

where 1 : P → R is the constant mapping such that 1(p) = 1 for each p ∈ P.

Theorem 3.1 If {āτ}τ∈RP is the 1-parameter subgroup of Ḡ(P) generated by the element X̄ ∈ L(Ḡ(P))
for τ ∈ RP , then:

1. for any σ ∈ RP , expḠ(P)(σ · X̄) = āσ (because {āσ·τ} is the 1-parameter subgroup of Ḡ(P) generated
by the left - invariant vector field σ · X̄ ∈ L(Ḡ(P))),

2. for k ∈ Z and k : P → R such that k(p) = k for any p ∈ P, expḠ(P)(k · X̄) = āk = ā1 · . . . · ā1 =

(expḠ(P)(X̄))k,
3. expḠ(P)((τ1 + τ2)X̄) = expḠ(P)(τ1X̄) expḠ(P)(τ2X̄) for any τ1, τ2 ∈ RP ,
4. expḠ(P)(θ) = āθ = φ̄θ(ϵ) = ϵ.

4. Classical Lie groups with parametric points
Let us denote by

GL(n, R) = {A ∈ Mn(R) : det A ̸= 0}

the well known classical linear Lie group of n × n real, invertible matrices.
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Let (P, C∞(P)) be a differential manifold of parameters. The associated group to GL(n, R), with
parametric points φ : P → GL(n, R), is of the form:

GL(n, RP) = GL(n, C∞(P)) = {φ : P → GL(n, R) : ∀p∈P φ(p) ∈ GL(n, R)} =

= {φ = (φij) : φij ∈ C∞(P), i, j = 1, . . . , n}.

The parametric points of the form φ : P → GL(n, R) of GL(n, C∞(P)), are n × n invertible
matrices, such that detφ ̸= θ, where θ : P → R is the constant function satisfying the condition
θ(p) = 0 for all p ∈ P.
Analogously to each classical Lie group G of n × n matrices we can assign the group with parametric
points:

Ḡ(P) = GP = {φ : P → G : ∀p∈P φ(p) ∈ G} = {φ = (φij) : φij ∈ C∞(P), i, j = 1, . . . , n}.

In other words, for each classical Lie group G(n, R) of n × n real matrices we can assign functorial
group G(n, R) of n × n matrices with elements in R, where R is real line with parametric points,
R(P) = RP = C∞(P).

For example, taking classical special orthogonal group G = SO(n, R), we can construct the
functorial group

SO(n, R) = {A ∈ Mn(R) : AAT = ATA = I ∧ det A = 1} = {A = (aij) : aij ∈ R}.

Let us consider a mapping
ψ̄ : RP → GL(n, RP),

given by the following formula

ψ̄(τ) =
∞∑
i=0

1
i!

(τφ)i =
∞∑
i=0

1
i!
τiφi, (4)

where φ = (φij) ∈ M(n, RP) is a fixed matrix of functions φij : P → R, τ ∈ RP. In the formula (4)
τφ = τ · (φij) = (τ ·φij) ∈ M(n, RP) is a matrix of functions such that for any point p ∈ P we have

(τ ·φij)(p) = (τ(p) ·φij(p)) ∈ M(n, R).

We can write the formula (4) in the form

ψ̄(τ) = I + τφ +
1
2

(τφ)2 +
1
3!

(τφ)3 + . . . ,

where I =

 1 θ
. . .

θ 1

 ∈ GL(n, RP) is a unitary matrix of functions, 1 : P → R and θ : P → R

are the constant mappings such that 1(p) = 1 for all p ∈ P and θ(p) = 0 for all p ∈ P.

The mapping ψ̄ defined by the formula (4) has the following properties:

1. ψ̄(θ)(p) = I ∈ GL(n, R) for all p ∈ P,
2. ψ̄(τ1 + τ2)(p) = ψ̄(τ1)(p)ψ̄(τ2)(p) for all p ∈ P,
3. ( d

dτ ψ̄(τ) |τ=θ)(p) = φ(p) for all p ∈ P.
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We obtain the 1-parameter subgroup of GL(n, RP) generated by an element φ ∈ M(n, RP):

āτ = ψ̄(τ) = expḠ(P)(τφ) ∈ GL(n, RP).

The Lie algebra of linear Lie group GL(n, RP) is the set of all n × n matrices with elements in RP,
L(GL(n, RP)) = M(n, RP). The exponential mapping is

expḠ(P) : L(GL(n, RP)) → GL(n, RP),

expḠ(P)(φ) = ā1 = ψ̄(1), (5)

where 1 : P → R is the constant mapping such that 1(p) = 1 for all p ∈ P.
Let us note that āϵ(p) ∈ GL(n, R) for all p ∈ P.

Corollary 4.1 The exponential map expḠ(P) on the Lie algebra L(GL(n, RP)) can be written by the formula

expḠ(P)(φ) =
∞∑
i=0

1
i!
φi, (6)

where the above series is pointwise convergent, i.e. (expḠ(P)(φ))(p) =
∑∞

i=0
1
i!φ

i(p) is convergent for
all p ∈ P.

5. Conclusion
To cocnclude, the functorial group Ḡ can be considered as the natural generalisation of the Lie
group G. The Grothendieck functor G 7→ Ḡ infers an isomorphism of the C∞ - algebra C∞(G)
of the Lie group G and the C∞ - algebra C∞(Ḡ(P)) of functorial group Ḡ(P) on a stage P. The
basic concepts of the Lie group G have equivalents in the functorial group Ḡ(P) at a stage P and in
the functorial group Ḡ at any stage. Each concept on the C∞ - algebra C∞(G) is associated with
the corresponding concept of the C∞ - algebra C∞(Ḡ(P)). Despite the isomorphism of the C∞ -
algebras C∞(G) and C∞(Ḡ(P)), the differential groups (G, C∞(G)) and (Ḡ(P), C∞(Ḡ(P))) are not
isomorphic as ordered pairs, because sets of points G and Ḡ(P) are not bijective.

The study of the properties of functorial groups will be continued, owing to the substantial role
of these symmetry groups and the range of their applications, particularly in the theory of functorial
principal bundles associated with the corresponding classical principal bundles.
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