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Abstract Exchange rate and its related risk management are too important for main participants in foreign
exchange markets. There are many approaches developed in the literature for studying risk man-
agement say arbitrage detection, say finding replication portfolio. However, in the current paper,
arbitrage opportunities are studied using the game theory perspective. This paper proposes
different types of games played in a specified foreign exchange market in the presence of three
exchange rates. Proposed games are exchange rate games in two cases of no arbitrage and exist-
ence of arbitrage, optimal stopping game, the arbitrage game, threshold strategies used in global
game and Non-cooperative exchange rate game. Most of cases, the bang-bang rule of optimal
control is used for finding the Nash equilibriums (NE). However, simulated and stochastic ap-
proximation (SA) solutions are also given. Most highlights of the current paper are: (I) consider-
ing two types of arbitrage opportunities, simultaneously, () translating arbitrage detection as
game theory concepts, (Ill) solving the problem using techniques of optimal control theory. Final-
ly concluding remarks are proposed.

JEL classification: G14, G15, G20
Keywords: Arbitrage, Bang-Bang rule, Non-cooperative game, Nash equilibrium, Optimal stopping, Optimal control, SA, Threshold strategies

Received: 15.06.2023 Accepted: 25.08.2023

Cite this:
Habibi R. (2023) Games in a foreign exchange market and solutions. Financial Internet Quarterly 19 (3), pp. 75-86.

© 2023 Reza Habibi, published by Sciendo. This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivatives 3.0 Li-
cense.

! Iran Banking Institute, Iran, e-mail: habibil356@gmail.com, ORCID: https://orcid.org/0000-0001-8268-0326.

www.finquarterly.com

University of Information Technology and Management in Rzeszéw 1175



Reza Habibi
Games in a foreign exchange market and solutions

RESEARCH PART
INTRODUCTION

Foreign exchange risk refers to the losses that an
international financial transaction may incur due to
currency fluctuations. Foreign exchange risk can also
affect investors, who trade in international markets,
and businesses engaged in the import/export of prod-
ucts or services to multiple countries. Exchange rate
risk plays important role for multinational firms and
firms that have financial functions such as hedging,
speculating, investment, financing and even arbitrage
in foreign exchange market. This paper is written to
account for some interesting mathematical features of
this type of risk (see: Moosa, 2003). To this end, consid-
er three exchange rates x = m,/ms, y = my/m, and z =
m,/ms. For example, is the exchange rate between
currencies m, and m; measured as the price (in terms
of m,) of one unit of my. Here, some practical features
(which leads to crucial problems) of this macroeconom-
ic variable are studied. These features mostly are the
arbitrage opportunity and the game theoretic structure
of given specified foreign exchange market. This paper
may be considered as combination of arbitrage in ex-
change market, game theory specification of problem
and optimal control solution, which these topics are
described shortly as below.

Game theory is a mathematical framework devel-
oped to address problems with conflicting or cooper-
ating parties who are able to make rational decisions.
The theory primarily deals with finding the optimal ra-
tional decision in various scenarios. Game theory is
a relatively new discipline. Von Neumann, Morgen-
stern, and Nash were the main contributors to the de-
velopment of game theory. The theory offers a wide
number of applications in different fields, including
economics, political science, finance, psychology, and
biology, among others (see: Osborne & Rubinstein,
1994). Foreign exchange arbitrage is the simultaneous
purchase and sale of currency in two different markets
to exploit short-term pricing inefficiency. Triangular
arbitrage involves the exchange of a currency in a se-
ries of three currency pairs over a short amount of time
for a profit (see: Bjork, 2009; and Ma, 2008). Optimal
Control theory is concerned with the problem of how
to govern systems. Its purpose is to determine the best
actions by which a given system can reach or maintain
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state, these control actions being submitted to particu-
lar conditions called "constraints" (see: Kirk, 1995).

Arbitrage detection in a foreign exchange market
has been received considerable attentions in the litera-
tures. Moosa (2003) proposed necessary and sufficient
conditions for the arbitrage opportunities in several
kinds of markets. Ma (2008) applied the AHP method
for detecting arbitrage opportunities. Soon and Ye
(2011) studied the currency arbitrages by binary inte-
ger programming method. Zhang (2012) considered an
artificial neural network approach for arbitrage detec-
tion in a foreign exchange market. Habibi (2016) find
the optimal arbitrage path in a given market using Mar-
kov chain and game theoretic approaches.

The rest of paper is organized as follows. In the
next section, three types of arbitrage opportunities are
proposed. Then, game theoretic aspects of exchange
rate risk management problems in two cases of no arbi-
trage and arbitrage opportunities are proposed. Also,
as a special case, threshold strategies used in global
game are derived. Then, the optimal stopping game
(similar Dynkin game (Kifer, 2012)), free risk game and
non-cooperative games are studied. In next sections,
game solutions including simulated solutions and sto-
chastic approximation (SA) solutions of different types
of exchange rate games are studied. The last section
concludes.

THREE TYPES OF ARBITRAGE

The following point I, 1l and Ill studied different
aspects of arbitrage opportunities in a foreign ex-
change market which needs a continuously monitoring,
controlling and making monetary policies on different
exchange rates.

() To avoid the arbitrage (triangular) opportunities,
it is assumed that z = xy. Indeed, if this relation is not
valid, then, following Moosa (2003), an arbitrage op-
portunity exists as follows. Starting one unit of currency
m,, selling m; and buying 1/y units of m,, then selling
m, and buying 1/xy units of ms, and finally, selling m;
and buying z/xy units of m; yields an arbitrage profit of
@ = (z/xy) - 1. If z = xy then the ¢ = 0. Following data
used in simulation part of current paper, the time se-
ries plot of @ is as follows. It is seen that ¢'s are negligi-
ble.
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Figure 1: Time series plot of ¢
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(1) Under the no arbitrage assumption:
dz dx dy dxd
dz _ox dy oxdy
Z Xy Xy
Consider the Ito diffusion process for x, y, z, that is:

dA

TZﬂAdt—'—O—AdBA A=x,Y,z

Suppose that cor(dx,dy) = py,. Then:
u#,dt+0,dB, = pdt+0,dB, + u dt+o,dB +p, 0,0, dt
thus,
H, =, + 4, +p,,0,0,
and
0,dB, =0,dB, +0,dB,

The last equation results that:
GZZ = Gf +0'§ + P00,

For an interesting result, consider a self-financed
portfolio containing long position in x and y and short
position on z, each in amount of a,, A=x, Y, z. That is:

P=aXx+a,y-a,z
Suppose that:
a,%o,dB, +a,yo,dB ~a,z0,dB, =0

At the same time (a,/y) = (a,/x). That is, xa, = ya, =
za, = P. It is concluded that there is a risk neutral proba-
bility measure such that x, y, z, P behaves like a risk free
rated asset, that is dA = aAdt, A = x, y, z, P. This is the
famous fundamental theorem of financial mathematics
(see: Bjork, 2009).

(1) Suppose that there is a triangular arbitrage
opportunity in the foreign exchange market, then z =
xy€, for some € > 0, independent of x, y, z. Assume that:

de _ . dt+o,dB,
&

Than, ¢ = € - 1. Thus, log(1 + ¢) = log(€). In practice,
is too small and is removed by supply and demand
mechanism of market, thus, it is reasonable to assume
that log(1 + @) = .

Hence:

2
o

£)dt + o, dB,
2

2
dp = dlog(e) = 32 — %= g = (u, —
& 2

Practically, pe and og are estimated using fitting
a geometric Brownian motion to € = (z/xy). Following
data used in simulation part of current paper, the fol-
lowing plot is histogram of €.
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Figure 2: Histogram of €
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(IV) It is seen that pe = 1 and o¢ = 0.000146. E(€™) = dz _ d_x+ﬂ+ dxdy
0.9999. No arbitrage assumption is satisfied. The fol- Z X oy Xy

lowing points studied the game theoretic structure of

. Following data used in simulation part of current
foreign exchange rate market.

paper, the following plot shows the (di/i), i=x, vy, z.
(V) Under the no arbitrage assumption, supposing

obey the Ito diffusion processes (Bjork, 2009), then one

can see that:

Figure 3: Time series of di/i,i=x,y, z
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Denote the elasticity of z with respect to x by e, pendence of e,, and dy/y, then var(e,,) = var(e,,) + var
then ey, = 1 + e,, + dy/y. That is, fluctuations of e will (dy/y). Following data used in simulation part of cur-
have influence on fluctuations of e,,. For example, no- rent paper, the following plot shows the time series
tice that, E(ey,) = 1 + E(eyy) + E(dy/y) and assuming inde- plot of e, ey,.
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Figure 4: Time series plot of e,y, e,,
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(VI) The above point is a monetary policy. Indeed, if
m; be desired unit money (for example, for our coun-
try) to avoid currency depreciation it is not enough to
appreciate only with respect to m,, but it is necessary
to appreciate it with respect to m;. As well as, ex-
change rate between m; and m, play important role.
Finally, the main important is that if the central bank of
desired country has pegged itself to m,, then specula-
tion attacks to ms will causes similar speculation attacks
to m;. Thus, the currency portfolio of mentioned cen-
tral bank will be attacked and destroyed.

(V1) Under the no arbitrage assumption and when
there is only, for example, partial information F/, then
exchange rate z = xy is considered as a derivative on
x and it is interested to study its price, i.e. E(z|F’). As
well as, the early exercise of (trading as soon as possi-
ble) this derivative based on optimal stopping tech-
nique is interesting. However, there are two optimal
stopping criteria, i.e. maxy,E(Zry | FY') and maxpE(zr | Fr),
which, again, it defines a game theoretic aspect in
a foreign exchange market. This problem can be pro-
posed for any derivative defined based z. Also, it is in-
terested to know if there is partial information F.* and
F.’, again, the no arbitrage assumption holds, if original-
ly (when there is no partial information) hold? These
problems also motivate the game theoretic aspects of
exchange rate market.

METHODOLOGICAL PART
EXCHANGE GAME

In this section, different types of exchange rate
games are proposed and its SA solution is given. At
first, suppose that the desired currency is ms. Then,
suppose that two types of price makers exist. The first
who buy and sell m; and others trade m,. Thus, they
produce information about exchange rates x, y. Sup-
pose that F*, F’ are information made by these types
of price makers where F, F{¥ the o-fields are made by
{Xs, s £ t}, {ys, s < t}, respecively.

(a) No arbitrage case. Indeed, under the no arbi-
trage assumption z = xy, the exchange rate is affected
by two exchange rates x, y. Here, the value of z is inter-
esting. When, the information is complete, then the
price of z is z, since E(z|F{’) = z. Here, F;’ the o-fields are
made by {z;, s < t}. However, following Kyle (1985), sup-
pose that there are two partial-informed traders and
since there is no triangular arbitrage, thus, there is no
noise trader. Again, following Kyle (1989), there price
of the value (price) of z at time t, based on information
of first partial-informed traders is p;' = E(z|F) = XE
(YIFY) = xa:" where g;' = E(y|F¢). Notice that assuming
and using the Markov property of x, then p;" = E(z|¥).
Analogously, p,' and q" are defined. The profit (utility)
of trader type 1is z - p;' = X(y - q1'). Following Aase et
al. (2010), let a;, B; be trading intensities (volume of
trades) of first and second traders, respectively. Then,
the instant profit of first trader is m; = 1y, = ax(y - 1Y)
and the cumulative profit up to time t is given by N, =
Jomids. Both traders try to maximize m(or M), i = 1,2,
simultaneously with respect to a, B. This defines
a game theoretic perspective of a given specified for-
eign exchange market.

The formal mathematically definition of this game
to maximize cumulative profit max,M;(x, y) and maxgl,
(x, y), with respect to a, B simultaneously, at which, for
some trading maturity T at future, is given by the fol-
lowing system of equations:

max, IT, (X, y) = max, j; a(z- E(z|FtX))dt,
T
max,IT, (X, y) = maxﬁj0 B (z-E(z |Fty))dt
Equivalently, to maximize:
max,, I, (X, y) = max, J.OT ax(y-q;)dt,

!
max, T, (x, y) = maxﬂj0 By(x—g,)dt
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Simultaneously. It will be seen that, when are not
independent, the non-zero NE's are defined by a re-
gion:

{05y %) x> E(x]y*), y > E(y[x*)}

Remark 1. Notice that, when the target is the eco-
nomic stability (for example, when government is sub-
stituted with traders), functional max is replaced with
min. However, the solution strategies do not differ.

Remark 2. Suppose that x, y are statistically inde-
pendent. Then, m; = ax(y - E(y)) and m, = By(x - E(x)),
where E(x) and E(y) are expectation of x, y respectively.

Using the bang-bang optimal control (see: Kirk, 1995),
to maximize instantly profit m, i = 1.2 it is enough to
assume that:

a:{1y>E(y)} and ﬁ:{l x>E(x)}
0 o.w 0 o.w

The NE occurs at observed exchange rates x*, y* if
they are bigger than their mean and thena =8 =1. In
this case, z*¥ = x*y*. Otherwise, one trader (or both)
does (do) not trade and hence z* = 0. The following
figure shows the NE region.

Figure 5: z* NE's for various values of observed x*, y*

y
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7*=0
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Source: Author’s own work.

The probability of occurring non-zero NE is given
by:
P([x>EM]uly>E(y)])

Generally, motivated by remark 2, the bang-bang
optimal control is given by:

az{l y>E(y|x)}andﬂ={1 x>3(x|y)}

0 o.w 0 oW

thus, the non-zero NE occurs at area
A= (X% y%)[x > E(x|y*), y>E(y[x*

with probabilities P(A).

Remark 3. Another formulation for exchange rate
game is to use the expected instant profit. Notice that
when a =B =1, then iy = z - p; = x(y - q;'). Following
Kyle (1985):

E(z,]y) = YE(x]y) — E(xq;|y), and
E (7, |¥) = xE(y[x) — E(yq; |x)
Then, the NE is derived by maximizing E(m;|y) and

E(m, | x), simultaneously.

(b) Free risk case. When the no arbitrage assump-
tion is violated, then z = xy€, as point v of Introduction.
Exchange rate is made by a noise trader (see: Kyle,

1985). Then, again following Kyle (1985), we have p;' =
xEE(y | x:E;). Here, it is assumed that €, is independent of
X, y, thus E(y|x:£) = q:". The first partial-informed trad-
er uses:

t t
Z—xet = Xe(y—0;)
to obtain gain. Having information about value of
€, this game is solved similar to game of no arbitrage
case. However, this assumption is not ture, in practice.

Following Kyle (1985), he/she is interested to maximize
expected profit:

m = E(axe(y-a)|y,) = a(y—a,)E(x|y)E(¢)

The expected profit of second trader is:
7, = B(x— 0 )E(Y[X)E(e)

then, a = 1 if y - g, > 0 and zero, otherwise. Also,
B=1ifx-qg,' >0and zero, otherwise.

Here, to solve the game, it is necessary to have
additional information about dynamic process affecting
on the game structure. In this section, following part
(V) of Introduction, it is assumed that:

ds = u,dt + 0,dB,
£

www.finquarterly.com

University of Information Technology and Management in Rzeszow

Il 80



Reza Habibi
Games in a foreign exchange market and solutions

I Non-cooperative games. Previous games can be
interpreted as cooperative game which leads to specu-
lative attacks (see: Morris & Shin, 2006). However, in
a non-cooperative game format, each trader blabs be-
havior of other trader. That is, the first trader opinion
about z when the second trader makes information:

R’ is E(z|F) = YE(x|FY) = YE(x]y)

Then, his/her profit is m; = ay(x - E(y|x)) and the
profit of second player is m, = Bx(y - E(y|x)). The best
response of first player when the second player plays
his/her best action y* is:

1 x>E(x]y%)
0 oW
Similarly, the best response of player 2 is:

g {l y > E(y|x*)}

0 oW

Generally, the non-zero NE's are defined by a re-
gion:

{05 y=)[x> E(x|y*),y > E(y[x*)}

Remark 4. Suppose that x, y are statistically inde-
pendent. Then, a = 3 = 1 and the NE of exchange rate z,
i.e., z* = x*y* if x* > E(x) and y* > E(y), otherwise z* = 0.

(d) Optimal stopping games. Here, under the no
arbitrage assumption, based on optimal stopping tech-
nique (see: Shiryaev, 2008), game structure of maxr,E
(zry|FY) and maxq,E(zr | F) are studied. This game is
very similar to Dynkin game (option game). Following
Shiryaev and Zhitlukhin (2013), the dynamic program-
ming based backward induction in a discrete time
setting implies that:

V() = max(xy,, E(V, (xy)|R)) t =1, T
such that Vy(x) = xyp and:
W, (y) = max(x,y, EW,, (x Y)[F*)), t =1,...,T

such that Wy(y) = xoy. The best response functions

are:
7, =inf {t,V,(x) - xy*}
r, =inf {t W,(y) = x*y}

(e) Threshold strategies. Again, under the no arbi-
trage assumption, and motivated by threshold strate-
gies used in global game of Morris and Shin (2006),
instant profits may be substituted by m; = ax(y - g;' + k)
and m, = By(x - qzt + k;). The intuition is that traders
want more profits. The probabilities of non-zero ex-
change rates for the first and second traders are P(y >
qlt +kq), P(x > qzt + k), respectively. Expected non-zero
based on point of views of two players are xyP(y > q" +
ki), and xyP(x > q," + k), respectively. Thus, are chosen
such that P(y > g;' + ki) and P(x > g,' + k,) are maxim-
ized. These values are NE's selections of thresholds.

Financial Internet Quarterly 2023, vol. 19 / no. 3

(f) Arbitrage game. In this section, the game theo-
retic aspects of arbitrage phenomenon in a foreign ex-
change market are studied. To this end, let u = xy and
F" denotes the o-field by {us, s < t}. When, there is no
arbitrage, then u = z, however, when there is an arbi-
trage opportunity, then E(z|F") # z and difference z - E
(z|F") # 0 makes an arbitrage opportunity. To describe
the arbitrage game, suppose that all traders have Japa-
nese Yen and finally, interested to attain Euro, at the
trading maturity. Suppose that x = (USD/JPY), y = (EUR/
USD), z = (EUR/JPY) are exchange rates. However, there
are two types of buyers. Some of them use z to buy
Euro, directly and some of them buy Euro, triangularly.
That is, first buy USD and (using x) and then buy Euro.
The combined exchange rate is u = xy. Let ftA denote
the o-field generated by random variable A, for time
span (0, t).When, there is no arbitrage opportunities,
then, z = xy. However, it is not true, in practice. Let y;,
©, denote the trading intensities (trading volumes) of
first and second type categories of players. Then, their
instant profits are:

7, (2,u) =7, (2-E(z|R"))

7,(2,u) = 6,(u-E(u|F")

Naturally, the cumulative profits are:
M(zu) =] z(zu)dt i=12

This defines a game theoretic perspective to arbi-
trage opportunity in foreign exchange market. Thus, it
is interested to maximize m; (z, u) and m, (z, u), with
respect to y;, 6y, respectively. Again, ;= 1if u - E(u|F)
> 0 and zero otherwise. Also, y; = 1 if z - E(z|F;") and
zero otherwise.

Remark 5. Another formulation for arbitrage op-
portunity is to write z = xy€. Then:

yA _
p=E(y|z)= E(;IZ) =2E(s7)
Assuming €, z are independent and E(E) exists.
Then:
7 =xy(l-E(e™M)¢)

Following Kyle (1985), suppose that x = x(z), y = y
(z). Also, notice that:

E(z|xy) = xy(1-E()E(s ™))

Then, the NE's selection of x, y are x*, y* (observed
value) if E(€)E(€") < 1. Otherwise, one of x*, y* (or
both) is (are) zero.

NUMERICAL RESULTS & CONCLUSION
GAME SOLUTION
In this section, the solutions of proposed game are

given. Two types of solutions are given. The first type is
simulated solutions. The second category of solutions is
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SA solutions. Of course, before proposing SA solutions,
first, some preliminaries in SA are given.

Simulations. In this section, throughout pre-
required actions and initial simulations, NE's are simu-
lated.

The following point shows the necessity of risk
management in foreign exchange market.

(I) There are many risk measure for exchange risk
management. Indeed, the probability p of keeping ex-
change rate x; below the reasonable level U - M during

Financial Internet Quarterly 2023, vol. 19 / no. 3

time period [ty, tg + T] while it is touched the bad level
U during period [0, to] is a good criterion for success in
managing the exchange rate risk. Indeed:

p= P(maxtostst0+T)(t <U-M |maX0<t<tUXt >U)
here:
p = P(maxt0<t<to+16xt < B|maX0<t<t0Xt > A)

is simulated. It is assumed that T = 16, t, = 02Apr19
and 20mar19.

Table 1: Values of p

Cases 1 2 3 4 5 6 7
A 1.1218 1.1226 1.1235 1.1263 1.1314 1.1375 1.1422 1.1435
1.1181 1.1163 1.1224 1.1252 1.1355 1.1391 1.1445 1.1488
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.6535 0.9934

Source: Author’s own work.

The following point shows the necessity of auditing
of model used in modeling the risk of foreign exchange
rates.

(I1) An error in computing exchange rate leads to
terrible faults. To this end, let the percentage of change
of x; be Iy = (X - Xc-1)/(%.1). Then, X = (1 + l)%;.1. There-
fore, X - X;.1 = ;1. Therefore:

t
X, =X, +Zj:2|ixifl
Assume that at some time, 2 <k <t, I, is computed

as I *. Then, what happens for x;? What is the effect of
di =l - I* in computations?

Notice that:

. t
X =% +Zj:2,j¢k*|jxj*1

Therefore,

X _Xt* = (I, _IE)kal = ((1+Ik)_(1+|;))xkfl =X _X;

hence,
X=X = (4 = %)
X1
R G ) o K
kal thl

Therefore, since log(1 + x) = x for small x's, then it is
seen that:

d, =d, (Mj =, ][] @17
X1
d, exp {—Z‘:k log(1+ Ij)} =d, exp{—zt:k Ij}

That is:
Z‘:llj
e~ d,
and constant over time passes.

Next, it is interested to find the conditional expec-
tations. To do so, x, y first are simulated from Ito pro-
cesses (as mentioned in point (ll) of Introduction) with
correlation coefficient p,,. Indeed, it is enough to write

dez,uAdHaAdBA, A=xy

and assume that:

dB, = /1~ p B+ p,,dB,

where dB and dB, are two independent Brownian mo-
tions. Then, sample mean of x is derived for some y’s
such that for a specific ys, then |y - ys| < 6, for some
small & (say, 0.1). Then, a regression between various
sample means and ys, gives the relationship of E(x|y). It
is concluded that E(x|y) =-192.89 + 1.75y. Similarly, it is
seen that E(x|y) = 1.1061. Then, the NE occurs at x +
192.89 > 1.75y and y > 1.1061. The following figure
gives the non-zero NE's region.
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s Figure 6: NE region
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Source: Author’s own work.

Probability of non-zero exchange rate is 0.998. 5.791389. Also, the arbitrage game is simulated. It is
Hereafter, the NE solutions of k;, i = 1,2 of threshold seen that E(z|u) = -7610.3 + 60.77u and E(u|z) =
strategies game are simulated. Notice that g," = -192.89 -1104.5061 + 9.0252z. The following figure gives the NE
+1.75y. Then maximized P(x > g5" + k) is achieved by k, region.

= 0.3173525. Also, the NE selection of k; is given by

Figure 7: NE region
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Source: Author’s own work.
The main question of paper was how to find the gives an algorithmic solution to find NE's, see Lemke

NE. Really, it is easy in two players and finite sample of and Howson (1964).
actions and bi-matrix payoffs. However, it is a difficult There are many strong fixed point theorems to
task when numbers of players or action spaces of play- check the existence of NE's, see Border (1999). SA
ers are large. There are many strong theorems such as method proposes an iterative method to solve equa-
min-max and max-min theorems to find NE's in zero tions when there are no analytical solutions (see:
sum games. Indeed, finding NE's in symmetric games is Fudenberg & Tirol, 1991). The stochastic approximation
too simpler than general form of games; see Osborne (hereafter SA) method gives:

and Rubinstein (1994). The Lemke-Howson method
X = (1_11)Xi +ﬂ“|b1()’i)
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Yia = @=7)% +7:0,(x)
Generally, the above sequences converge to x*, y*

A Zorziﬂ/l.v?ﬁ = o0, and Z:il//if’yiz <

A regular choice for A, y; is 1/i, see Borkar (2008).
The continuous time type of above equations is:

{K=—&+QWJ}
ytl =Y, +b2(xt)

Consider the Cournot duopoly game. Assume that
i-th agent produces quantity g; € [0, a), i = 1, 2. The total
cost of i-th agent is cq;, i = 1,2 where ¢ < a. Thus, the
utility of i-th agent is:

U; (0, 9,) = (@—c—(q, +9,))q;, 1 =12

The continuous type of SA method with A; = y; = 1/i
is given:

| a-c¢
'=—(A+2)g+—1
q'=—( 2)q 5

Where, q= (Qp qz)T

(O 1j
A= ,
10

1=@1D"

Vectors are bolded and | is an 2 x 2 identity matrix.
Notation T stands for transpose of a vector or a matrix.

The results of previous sections may be considered
as trading strategies, since trading rules a, B are deter-
mined. However, to determine the NE's of x,y, notice
that:

7 =X(y—q,(x)) and 7, = y(x—0d,(y))
From previous section, it is seen that:
0, (x) =ax+b and g,(y) =a,y +h,

Solving the best response functions obtained by
equations:

om, 0w, _ 0
ox oy
it is seen that:
1 1 b
X*=__ y*_i and y*: T x*__2
2a, 28, 2a, 2a,
However, the linearity forms of functions q;, i = 1,2
is true for some special forms of Ito processes. When,
there are not linear functions, equations:

om, _Om, _ 0
ox oy
are non-linear type and recursive numerical solu-

tions such as Newton-Raphson or SA technique is nec-
essary. Also, it is possible to simulate q;, i = 1,2 using
a Monte Carlo simulation. These type of recursive rela-
tions can be interpreted as learning processes of play-
ers. Using the above results, it is seen that:

Financial Internet Quarterly 2023, vol. 19 / no. 3

Xy =@=A4)x +A4b(y;) and y;,; = 1= 7)% +7:b,(X)

Where b, and b, are solutions of differential equa-
tions:

b, -0, (0,) ~ b0, (B) =0 and b, —q, (b,) —b,0, (b,) =0

Suppose that best response functions satisfy in the
differential equations:

b, -0, (0,) ~ b0, (b)) =0 and b, —q, (b,) ~b,0, (b,) =0

Then, the SA solution: (a) in discrete time frame-
work is given by:

{Xm =(1-4)x +Z’|b1(Yi)}
Vi = A=7)% + 70, (%)

In continuous time setting is given by:

{K=—&+QWJ}
yt =Y, +b2(Xt)

CONCLUSION

Many types of games are defined in a given foreign
exchange market in the presence of at least three ex-
change rates. In designing these games, it is tried to
cover many interesting features of exchange rate as an
important macroeconomic variable. Two main ap-
proaches to find NE solutions are simulation and SA
technique. Frequently the bang-bang optimal control
method is applied to find the NE's when it is interested
to find the trading strategies where they are well-
defined by coefficients multiplying to the profits of
players. In spite of Kyle (1985), here, it is assumed that
there are partial informed traders, only, in the case of
no arbitrage and a noise trader, following Kyle (1985),
when there are triangular arbitrage opportunities.

In many strategic situations in economics such as
Cournot and Bertrand duopolies, first and second price
auctions, voluntary contribution of public good, the
Nash equilibrium (hereafter NE) is a solution to make
predictions, see Kifer (2012). Indeed, each player plays
his/her best response action versus other players. For
more description, consider a two player game at which
b, and b, are the best response functions of player
1 and 2, respectively. It is well known that the Nash
equilibrium occurs at (x*, y*) such that x* = by(y*), y* =
b,(x*) The regular recursive relations to find x*, y* are
Xis1 = ba(yi) and yi1 = by(x;) at which x*, y*, are limiting
points of {x;, y;, i = 1} if exists.

As mentioned in the previous sections, in this arti-
cle, a combination of two types of multiple arbitrages
was considered in the currency market over time, and
first three types of arbitrage, related strategies and
possible processes were described. In the game defini-
tion section, first, using the information asymmetry
model in the currency market, we defined an interac-
tive differential game that considers both multiple arbi-
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trage and over time between the buyers and sellers of
the exchange rate in the currency market. It can be
seen that the Nash equilibrium of this game indicates
the absence of arbitrage of both types for the partici-
pants of the currency market.

Also, this equilibrium is compatible with the two
principles of the risk-free world (which is defined as the
risk-free game) and the forbidden free lunch (which is
defined as the arbitrage game). Then, using the general
game theory (Morris & Shin, 2006), a competitive game
between players was defined, and finally the Nash
equilibrium was extracted in terms of threshold strate-
gies, where the cross-sectional Nash equilibrium, if it
exists, will gradually disappear with the condition of
the absence of temporal Nash equilibrium. Also, using
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